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PREFACE 

The subject-matter of most of the topics developed in 
this book is believed to be essentially new, though, of 
course, the ideas have been both foreshadowed and over¬ 
taken by many other writers. The aim is to provide 
material, familiar in substance but unfamiliar in treat¬ 
ment, that may catch the interest of pupils (and, dare 
I say, of teachers?) as they cross into the somewhat 
puzzling world of abstract mathematics. I have often 
felt that the present plunge into abstraction is too sudden 
and that there is a need for more elementary work to 
make the immersion less exhausting. 

To carry the subject forward from this stage will be 
the work of others; the hope is that tins book may help 
to ease the start. 

I am very gi'ateful to the staff of the Cambridge 
University Press for their skill and care, and for the 
friendly relations that I have always enjoyed with them. 

E.A.M. 

Cambridge 
March, 1905 
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INTRODUCTION 

Pew of 113 pause for long to think about the rules that we 
apply automatically when performing mathematical 
calculations, say in arithmetic or algebra. Thus we 
* factorise’ 

ab^ac — ci(& + c) 

or * multiply out ’ 

(2a-\-lh)x = 

by Ia%v 3 which are so familiar—at any rate by the stage 
implied by the reading of this book—that no justification 
seems necessary. 

There is no intention here of codifying these laws 
systematically, except perhaps by inference; the aim is 
rather to exhibit altermtivB systems of rules for calcula¬ 
tion, after which the basic laws themselves may appear 
both clear and natural. 

We propose, then, a process of abstraction, akin to the 
fundamental ideas on which much so-called ^modern’ 
mathematics is based. The important point, though, is 
that the material itself from which the abstractions are 
to spring will be selected from topics likely to be familiar 
to everyone who has studied just enough mathematics to 
reach ^0’-level. The great difficulty in introducing 
‘modern’ mathematics seems to be the production of a 
background of experience from which it can start; and 
the avowed aim of this book is the attempt to foster just 
such experience* 
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CHAPTER 1 

DIGITAL ARITHMETIC 

(fl. The ordinary facts of elementary arithmetic are 
well known. It will be no trouble to most people who 
read this book to say that 

9 + 7 ^ 16, 

28 + 35 = 63, 

9x7^ 63, 

or even 17 x 12 = 204, 

The rules are familiar and ‘ counting ’ is, essentially, easy. 
What we propose to do in this chapter ia to accept this 
ordinary arithmetic, but to modify it in one way. The 
result of this modification will be to make computalion 
easier but, in return, to make thought harder for the 
beginner because of the element of abstraction that now 
comes in. 

The new process will be called digital arithfmtio. The 
reason for this name is that the operations of * addition * 
and ‘multiplication’ with which we shall be concerned 
are to be the normal operations familiar in elementary 
arithmetic, save that for the amwers at each step only the 
units digit is to be retai 7 ied. 

For example, whereas normally 

8 + 7 ^ 16, 

9 + 3 = 12, 

we shall simply take ^ ^ „ 

8 + 7== 5, 

9 + 3=2; 
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and whereas normally 

8 X 6 = 48, 

7x3 = 21, 

we shall simply take 

8 X 6 8, 

7x3 = L 

Note at once that we have radically altered the mean¬ 
ings of the two symbols + and x and of the cone- 
sponding operations of addition and multiplication. In 
order to give a meaning to, say, 

7 + 9, 

we do Tiot imagine seven apples and nine apples put into 
a box which thus contains sixteen apples; the physical 
interpretation has disappeared. We have said instead 
that 7 + 9 is to mean 6 (a number reached by the process 
already described); and that is all about it. Our problem 
is not to justify the definition itself, for we are entitled to 
give any clearly-stated meaning that we wish to our 
words and symbols, but to justify instead the possibility 
of ttsing the definition consistently and with significance. 
We therefore begin by examining the consistency of the 
addition, 

(I 2- Digital Addition 
The laws of elementary arithmetic require us to add 
any collection of numbers without ambiguity. Suppose, 
for example, that we are given the three numbers 
9, 7, 18. 

We should say at once that the sum is 34 and should 
probably mean by that statement that 
9 + 7 + 18 = 34, 
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On further reflection, we should probably agree also that 
the statement equally means any of the following: 

9 + 18 + 7 = 34, 

7+18 + 9 = 34, 

7 + 9 + 18 = 34, 

18 + 9 + 7 = 34, 

18 + 7 + 9 = 34, 

In other words, ike three mmbers 9, 7, IS, taken in any 
ordefj always add up to the same number 34, A coriB- 
spending result holds similarly for any other set of 
numbers. 

DIOEESSION. Tt may be helpful to give now aa a digression 
what is in fact the ultimately basic property of addition. The 
fundamental facts of elementary arithmetic (aa popularly 
understood) are a whole collection of answers obtained succea- 
sivoly by adding two numbers at a time. For instance, to add 

3 + 7 + 11 + 19 + 6, 

we should probably say something like this; 

3 + 7 = 10, 

10+n = 21, 

21 + 19 = 40, 

40 + 6 = 45, 

At any rate, the process would almost certainly involve the 
addition stop by step of two numbers at any one time. 
Reverting to the simpler case of three numbers only, say 

3 + 5 + 9, 

there thus appears a choice; 

(i) to group 3 + 6 and then add 9, giving 

8 + 9, 

or (ii) to take 3 and then add to it the group 6 + 9, giving 

3+14. 
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The point of course, that these two gTOupinga give tlie same 

answer* In other words. 


{3 + 6) + 9 = 3 + {5+9)* 

More generally, if a, 6, e ctre any t^iree of tJie numbers of 
ordinary aritfimetic, and if the symbol + has its ordifiary meaning^ 

, T* it ^ 

(a+6) + G 3S a + + 


This law, governing the two ways in which the three numbers 
can be ii^ociated for addition two at a time (without changing 
order) is called the associaUve ktm for addition. 

It will have been noticed that not only can the numbers be 
grouped in pairs aocording to the associative law, but also, aa 
the preceding statement of that law implied, that the actual 
order in which the numbera are written is also immaterial. 


For example. 


6 + 9 - 9 + 5j 


and, more generally, for ordinary arithmetic 
a+6 = 6+a.. 

TSvo numbers whose order can be changed in this way are said 
to commtUe and the general law 

a+6 = b-ha 

13 called the eammtUaiive law for addition. 


Example 

Check mentally that the two laws just enunciated 
ensure that the sum of the five numbers 
3, 7, 12, 15, 19 

is independent of the order in which they are selected. 
Returning to digital addition, consider a sum such as 
5 + 7 + 9 + 3 + 8. 

The normal sum is 32 and so the digital sum is 2. The 
problem, however, is: do the two laws, the associative 
and the commutative, still hold Avhen the arithmetic is 
digital ? The answer is clearly yes; for what is true of the 
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complete numbers must a fortiori be true of the units 
digits. Hence it remains true in digital arithmetic that the 
associative law for addition 

(a + b) + c = a + (b + c) 
and the cammutatim law for addition 

<1 + 6 = 6 + €t 

retain their 

Consequently all arithmetical manipulations dependent 
on them^ and valid in ordinary arithmetiCj are eqmdly valid 
in digital artthmetic. 

Example 

Check mentally that these two laws ensure that the 
‘auml of the numbers 

2, 5, 8, 3, 7 

is independent of the order in which they are selected. 

([8, Digital Multiplication 
The corresponding treatment of digital multiplication 
may be discussed more briefly. The analogous laws are: 
the associative law for multiplication, 

(a X 6) X c = a X (6 X c) 

or, more briefly, 

(a6)c ^ a(6c); 

and the commviative law for multiplication, 
a X 6 = 6 X u, 

or ab = ba. 

Since these laws hold for ordinary multiplication, they 
necessarily hold also for the units digits in the products. 
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Example 

Cheek mentally that these two laws ensure that the 
‘product’ of the numbers 

3) 8^ 4f 2f 6 

is independent of the order in wliieh they are selected. 


([ 4. Divisors of Zero 
Without over-empliasising the point for the present, 
it is of interest to demonstrate at once a feature wherein 
digital arithmetic differs radically from ordinary 
arithmetic. 

In ordinary arithmetic, as is well known, a relation 
oi » 0 


cannot hold unless at least one of a, b is zero. This is, for 
example, the basis of the argument used to finish the 
solution of a qiiadi-atic equation once it has been reduced 
tothe£o™,»y, 

The ending is ‘Either a:-l = 0or®-2 = 0, and so the 
equation is solved when a: = 1 and when x = 2. 


Note that this argument is only possible when the right-hand 
aide 19 zero. It ie noi true that the equation 

(a:-l) (a?«2) = 3 

can be completed by the argument 'Either ai—1 = 3 or 
^—2 = 3, and so the equation ie solved when ir = 4 and when 
ar = 5J 


Examples 

1, Prove thatj if c is not zero and if a, b are dJiferent, 

then there is no set of numbers a, 6, c for which the 

equation . . . , . 

(a:-a)(aT-fc) c 
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can be completed by the argument: 'Either a; —a = e or 
x — b = c and so the equation is solved when a+c 
and when x = & + c* 

2. Prove that, on the other hand, the equation 
(x—3) (x-4) = 2 

is satisfied (as to om solution) by setting x —3 = 2, so 
that X = 5; and that the equation 

{4-x)(x-l) = 2 

is satisfied (as to both solutions) by setting 4 —x = 2 or 
X-1 = 2, so that X — 2 or 3. 

Examine the way in wliich these are specially con¬ 
structed ‘ freak * equations and invent similar abnormali¬ 
ties yourself* 

Returning to the main problem, we register the fact 
that, in ordinary arithmetic and algebra, a product can¬ 
not be zero unless one of its factors is* With digital 
arithmetic, however, the case is very different, in virtue 
of the four products 

5x2^0, 6x4 = 0, 6x6 = 0, 6x8 = 0. 

In other words, in digital arithmetic it is possible for the 
product ^ 

to be zero although neither factor is. This can happen when 
either one of a, b is 6 while the other is an even integer* 

DEEiNiTioN* A number a is called a divisor of zero 
when another number b exists such that the'product ab 
is zero although neither individual factor is* 
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An immediate, and startling, consequence of the exist* 
ence of di visors of zero is the possibility of producing in 
digital arithmetic a quadraiic egiuiMon mth four distinct 
roots: 

Take, for example, the equation 
{x-l)(x-2)==0. 

It is, of course, satisfied as usual by the two solutions 
ar = 1, X = 2, 

But there may also be a solution given by 
a:-i = 5 

or by a?-2=:5, 

provided that the second factor is an even integer. 
When a; = 6, the left-hand side is 6 x4, or zero* when 
X = 7, the left-hand side is 6x6, or zero. Hence the 
quadraiic equation ^,2 _ 3 ^ ^ 2 = 0 

or {x-~l){x-2) = 0, 

has the four roots 1, 2, 6, 7. 

Examples 

1. Find all the solutions of the equations 

(i) a:*-4a:-|-3 = 0, 

(ii) —6ar-f4 — 0, 

(in) 6 = 0, 

(iv) a:2 -6x-h8 = D. 

2. Prove that tlie quadratic equation 

+ 6a: = 0 
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is satisfied by all integral values of x. Explain why it is 
not permissible to divide throughout by 5 without 
further examination. 

([6, The Distributive Law 
In order to demonstrate quickly the unexpected 
properties of digital arithmetic we have, in fact, glossed 
over one or two theoretical points of detail that now 
require attention. The first of these is the distribidive law 

( a{b-i-c) = ab + ac, 

(6-l-c)tx = ba^ca^ 

which enables us to ‘remove brackets'. The truth of the 
law follows, as in the previous cases, from the fact that 
the law, being true for ordinary arithmetic, must, in 
particular, be true for the units digits. 

It was this law that enabled us to use a sequence of 
argument (now given in detail) such as 

{x^l){x + 2) 

= +1) (ia?) + {ar +1) (2) distributive 
= + a:+a:(2) + 1.2 distributive 

=s +a: + 2a: + 2 commutative 

= X® + (a: + 2a:) + 2 associative 

From now on we shall normally use the associative, 
commutative and distributive laws without comment. 
In other words, the manipulation will ‘ look like' ordinary 
algebra. 
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{[6. The Language of Sets 
Before passing to the next point of detail, we ought 
perhaps to say a few words about seta. Not much is 
required at present, but the language is convenient and 
leads to precision. 

The effect of the definition of digital arithmetic is to 
replace the infinite sequence of numbers 

. " 3 , ^ 2 , ^ 1 , 0 , L % 3 ,.„ 

by the ten integers 

0, 1, 2, 3, 4, 6, 6, 7, 8, 9. 

(The fate of the negative numbers is the next thing to be 
considered.) By ordinary use of language, we may say 
' that the * set' 

-3, -2. -1, 0, 1, 2, 3,...} 
has been replaced by the * set' 

{0, I, 2, 3, 4, 0, 6, 7, 8, 9}, 

These ideas give us two things—a mime and a notoMan. 
The word set is used to denote any collection of objects 
whatever, subject to the sole requirement of a rule to 
determine whether a given object is a member or not; 
for example, the set of all plane triangles is defined: any 
given equilateral triangle is a member, but no circle 
can be, 

A set may be designated for reference by any con¬ 
venient letter, usually capital, and its members may be 
exliibited by enumeration within braces { }. Thus the 
set with which we are dealing in digital arithmetic may 
be denoted by the letter Z), where 

D ^ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}, 
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Membership of a set is denoted by the symbol of inclusion 
€, and non-membership by the symbol Thus 

OeA 7eA i^A niD. 

(f 7. At this point it is convenient to review rapidly the 
reader’s experience with the numbers of ordinary arith¬ 
metic and algebra. It began, almost certainly, with the 
set of positive integers 

Af = {1,2,3,,..} 

and was probably extended fairly quickly to the corre¬ 
sponding set augmented by zero 

N = {0, 1, 2. 3, 

After that we may imagine that there followed the 
rational fractions 

h h !. i. h h 

A little later, negative numbers would be studied, giving 
the set of integers 

-^3, -2, ^1,0,1, 2, 3, 
and the set of all rational numbers 
Q = 0, 

Finally there may have coma the set R of all real num¬ 
bers, rational or irrational—the latter being described 
quickly as the numbers expressible as unending, non¬ 
recurring decimals—and the set C of complex numbers 
of the form a -H where a and b are real nu mbers as just 
described and where i is the ‘ square root of “ 1 subject 
to the relation = — 1. 

Most of this was, of course, unconscious, and it is well 
that it should have been so. But one basic point does 
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arise from this classification of our number-experience 
into seta, and that point may now be illustrated by 
reference to a series of quadratic equations taken from 
the framework of ordinary arithmetic: 

Consider in turn the quadratic equations; 

(i) a:® —3a: + 2 = 0, (iv) = 0, 

(ii) x^ — Sx = 0, (v) = 0, 

(in) X® + Sar-f 2 = 0, (vi) x® - 3 xh- 3 = 0. 

To the naked eye they are very similar, and, indeed, have 
been selected to be so. The distinction between them, as 
we shall now see, lies in the seta from which the solutions 
are drawn. The solutions are: 

(i) 1,2; (iv) ^1,-i; 

(ii) 0,3; (V) i(3+V6).i{3-VS); 

(iii) -- 1 , ^2; (vi) |t3 + iV3). 

These solutions lie in the sets: 

(i) Jtf, N, F, Z, <2, ii, C; (iv) Q, R, C; 

(ii) N, Z, e, ii, C; (V) Ji, C; 

(iii) Z, Q, E, Cl (vi) C. 

In other words, if the problem were to find a solution 
within the set Q, then equations (i), (ii), {iii), (iv) would 
be soluble, but eqmiiom (v), (vi) would have no sohitionai 
if a solution were required within Z, then equations (i), 
(ii), (iii) would be soluble, but (iv), (v), (vi) umdd have 
no soluliom. 

The possibility of solving an equation thus depends on 
the set from which sol^liions may be drawn. 
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([ 8. Properties of the Numbers in Digital 
Arithmetic 

We said a little earlier (p. 19) that one or two diffi¬ 
culties in digital arithmetic were ignored in the opening 
remarks. Since then, the laws of manipulation have been 
clarified, and we can now turn our attention to subimc- 
lion and ^negative nuvd}er8^. 

Whatever is done with digital arithmetic must be 
accomplished within the set 

D = { 0 , 1, 2, 3, 4, 5, 6, 7, 8, 9}, 

and this is true of any meaning to be given to the word 
* subtraction ^ to which we now proceed* 

First consider (relevantly) the basic properties of an 
element, if any, to be regarded as zero and (less relevantly 
for the moment) of any element to be regarded as unity,, 
{a) Zero, The essential requirement is that, for z^D 
to be a possible zero, then, if etc Z> is any element what¬ 
ever in D, 

a + z — z + a = a; 

in other words, the addition of zero makes no difference. 
A quick check reveals that this property belongs to 0 and 
to 0 only—as was probably anticipated. 

Note incidentally the multiplicative property already 
observed, that, if a is any element of i), then 

0xu = ux0 = 0. 

It is, however, perfectly possible, because of the divisors 
of zero, for a product u x 6 to be zero although neither 
factor a, 6 is so itself, 

(6) Unity. The requirement is that, for zcD to be a 
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possible unity, then, if fiei) is any element whatever 
in D, 

a X s = 2 X a = a; 

in other words, multiplication by unity makes no 
difference. Here, again, the unity is quickly obtained as 
the expected number 1. 

NOTE, The reader may have felt some impatience at these 
checks on zero and unity; but digital aritlimetic is not ordinary 
arithmetic, and strange things may pass unnoticed if we are 
not careful; see p* 37^ 

([9. We move now to the consideration of negoMm 
numbers* The problem is; given any ueZ), to 
whether there is a number xsD to which ive migJU reason^ 
ably give the notation —a. 

The obvious requirement is that, if possible, x should 
be selected so that 

By the very definition of digital arithmetic, the num¬ 
ber X is obtained from the formula 

X ^ 10 —a 

of ordinary arithmetic. Thus we interpret 

-1, -2, -3, -4, -6, -6, -7, -8, -9 
to be the numbers 

9, 8, 7, 6, 5, 4, 3, 2, 1 

of the set D. 

The process of subtraction, intuitively ‘obvious*, now 
follows. For example, 

7^4 = 7 + (-4}-7-h6 = 3, 

4 _ 7^4 + (_ 7 ) = 4 _|, 3 ^ 7 ^ 
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and so on. The manipulation of subtraction is, m fact, 
just what would be expected. 

([ 10. Division 

The interpretation of a process of division is iriore 
complicated and is perhaps entertaining rather than use¬ 
ful. We take the opportunity to introduce two fresh 
symbols: 

(i) The symbol 

V 

is used to mean ‘for all’, as in the sentence 
Vx, ( —ar) can be defined, 

(ii) The symbol 

a 

is used to mean ‘there exist(s)', as in the sentence 
YXy Hy such that x-\-y = 0; 
or, in even more precise form, 

V^€ D, ^y c D such that x-hy — 0, 

Returning to divisiony the problem is to give a mean¬ 
ing, if possible, to expressions such as 

h fj I) 

We begin with f. To have any meaning at all, it must 

be expressible as one of the numbers of D: say 

such that , 

^ = x. 

By natural extension of the ideas of ordinary arith¬ 
metic, we expect this to be equivalent to the relation 

3 = IXy 
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and substitution of the nine (non-zero) possible values 
of X gives X = 9 the unique solution* Thus v}e may we 
the interpretation 3 _ a 

Consider next the symbol We require x such that 

1 -2a:* 

But this is impossible, since the left-hand side is odd and 
the right-hand side even* Hence 

such that | = x; 

that is, the symbol ^ has no meaniTig, 

To illustrate the dangers of unwary walking in digital 
arithmetic, consider next the symbol | (which, to our 
* ordinary arithmetic * eyes looks extremely like J). Here 

we require x such that ^ 

2 = 4x, 

and inspection reveals tioo possible interpretations, 
namely a: = 3 and x = 8* Thus whereas we do 7 wt give any 
meaning within D to the symbol we have two choices, 
namely 3 and S,for the symbol 

We have here a radical difference between ordinary 
arithmetic and digital arithmetic, and the cause is easily 
located* Take a slightly more significant example: 

8 — 

then a: = 2 or a? — 7, whereas if 

I 

then no value of x can be found* 

Now the reason why, in ordinary arithmetic, we 
equate | with | is the unique factorisaHon theorem which 
states that any given number N can be resolved uniquely, 
apart from order, into prime factors. 
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For example, we have, uniquely, 

6 2 X 3, 

8 ^ 2 X 2 X 2, 

6 2x3 3 

8“2x2x2“2x2 


so that 


3 

4' 


For digital arithmetic, however, the argument breaks 
down—^thereby revealing that the 'unique factorisation ’ 
of ordinary arithmetic does require proof since the 
properties of ordinary numbers must be in some way 
bound up with it* In fact, this whole conception of prime 
factors needs re-examination for digital arithmetic, as 
we shall see almost immediately* 


Examples 

1* Verify that, whenever the s 3 rmbol 
~ (aei), a + O), 

has a meaning (in the sense just described) then in each 
case its values can be either 3 or 8* 

2* Prove that the symbols 

if 

have unique interpretations. 

3* Verify the relation 

f = ^ + i 

by direct computation of each side* 

Examine the relation 


1=1 -I-1* 
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It may be helpful at this point to construct the 
multiplicalion table for digital arithmetic (omitting 
multiplication by zero): 


1 

2 

0 

4 

5 

6 

7 

8 
9 


1 

T 

2 

3 

4 

5 

6 

7 

8 
9 


2 

4 

6 

8 

0 

2 

4 

6 

8 


3 4 6 6 7 8 9 

3 4 5 6 7 8 9 

6 3 0 2 4 6 8 

9 2 5 8 1 4 7 

2 6 0 4 S 2 6 

5 0 5 0 6 0 5 

8 4 0 6 2 3 4 

1 8 5 2 9 6 3 

4 2 0 8 6 4 2 

7 6 5 4 3 2 1 


This table has several interesting features, to which 
we shall draw attention in the nest chapters* For the 
moment, observe that, if by prime we mean a number 
that cannot be expressed as a product of two other 
numbers (excluding itself and unity), then ihere are no 
primes in digital arithmetic. For example, 

3 = 7x9, 

5 = 3x5 = ox6 = 7x5=9x6, 

7 = 3x9, 

Any argument based on prime factors thus does not even 
begin, and features of ordinary arithmetic based upon 
them may be expected to undergo many variations. 


CHAPTER II 


POLYNOMIALS IN 
DIGITAL ARITHMETIC 

C L We have already seen (p, 18) that quadratic poly¬ 
nomials in digital arithmetic have surprising properties 
as regards the number of their zeros* It seems therefore 
worth while to look in further detail at some more general 
polynomials. 

Consider, as an example, the polynomial 
4a:^ H-+ 5a:® + Car, 

It may be expected to take ten values, one for each 
integer in the set 

D = {0, 1, 2, 3, 4, 6, 6, 7, 8, 9}. 

What is more unexpected is that its valm is alivays zero^ 
whatever the value of xeD. In ordinary arithmetic, of 
course, for a polynomial of that type to be permanently 
zero would be unthinkable. 

Example 

Verify that ^ -j_ gx = 0 

for all xcD. 

C 2, A Table oe Powers 
In order to proceed, we form a table giving the first 
few powers of x for all non-zero values of xe D. 
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X ^ ^ ^ 7^ 

1 i i i r 

2 4 8 0 2 

3 9 7 13 

4 0 4 6 4 

5 5 5 5 0 

6 6 6 6 6 

7 9 3 1 7 

8 4 2 6 8 

9 19 19 

The table exhibits the remarkable result that, for all 
valves of xeD^ . _ 

There is therefore ao need to consider poIyaomialB of 
degree greater than 4> since, for instance, 

ar® = ^ x\ 

= a:®, 

([ 8. Deductions erom the Table; Roots of 
THE Integers 
(i) The square root 

Suppose that aeD and that we wish to evaluate its 
square root ^la: that is, to find a number y such that 

a = 

The table shows that this cannot be done if a has any of 
the val^t€S 2, 8, 7, 8* Hence 

V2, V3, 

do not exist. 

The other numbers (except 6) have two square roots: 
= 1 or 9, ^6 = 4 or 6, 

^4 ^ 2 or 8, -^'9 = 3 or 7* 
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In each of these four cases, the sum of the roots is zero. 


only, there being just the one value, 
(ii) The cvhe root 
If, similarly, == y, then 


and the table shows that each element of D has precisely 
one cvbe root 

The reader who has dealt a little with complex num¬ 
bers, and met e>, the' cube roots of unity * in ordinary 
complex arithmetic, may like to know where they have 
gone here: 

If a: is any cube root of unity, then 


a?® = 1, 


or a:® — 1 = 0, 

or (x — 1) (x®+X +1) — 0* 

Thus X = 1 (the normal solution) or else 
x^+x+1 s 0, 

Now this eqvatioii cannot be solved within the set D; for 
example, we may write it in the form 

x®H-x = " 1 = 9, 

so that x{x+1) = 9, 

The left-hand side is necessarily even and the right-hand 
side is necessarily odd; so there is no solution. 
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Example 

Prove further that the equation 

(x—.1) + 1) — 0 

has no solution arising from divisors of zero* 

(iii) The fourth root . . 

Solutions are now very restricted. If = y, then 
a = so that a can have only the values 1, 6, 0* Then 

= I, 3, 7, 9 

and ^6 = 2, 4, 6, 8* 

Finally, ^5 = 5 

only* 

The two sets {1, 3, 7, 9} and {2, 4, 6, 8} will assume 
considerable significance later* 

([4* The Polynomial of ([ 1 
Let us return to the polynomial 

+ 0x* + H- 6x* 

Since is the same as x, this is 

6x^ + 5x^ (4 + 6)x = + 5x^ 

^ 1 ). 

Now is zero if x is even and 5(a:® +1) is zero if x is odd. 

Hence 4a:® + 6a:* + oa:^ + 6x = 0 

for all xeD* 

([5* The Factorial Function 
In digital arithmetic the factorial function becomes 
so simple as to be useless. Thus 

_ . 21 = 2, 3! = 6, 4! = 4, 

and -711=0 {n> 4), 
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([6. Polynomial Graphs 
With only ten available points for plotting and only 
ten available values in any case, the graphs of poly¬ 
nomials are necessarily tenuous. In fact, each graph 
consists of precisely ten dots—save that, to complete the 
‘ picture we usually add the value x = 10, giving eleven 
in all. The three * curves ’ y = x^, y = x®, = x^ are given 

below. 




2 4 6 8 10 0 



Fig, 1 




Example 

Sketch the * curves^ for which 

=£ k 

when A = 0, 5, 7* 


3 


UClf 
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CHAPTER III 

THE IDEA OF A GROUP 

J 1. The multiplication table for digital ai'ithmetic 
(p. 28) has several curious features which are worth con* 
sidering both for themselves and also for the lead that 
they give into ideas of progressively greater abstraction. 

Before proceeding to discuss the table in further detail, 
however, we introduce one more piece of notation. The 
symbol ^ 

is to be read as ‘leads to’, or equivalent, as in the state- 
2® = 4 => 4® = 8; 

the corresponding negation is used as in the statement 

2® = 4 =!> 4® = 7. 

The symbol ^ 

with the arrow-heads pointing both ways is to be read as 
‘ leads to and arises from as in the statement 
3® = 7 «* ® = 9. 

The negation is illustrated by the statement 
3® = 7 ^ ® = 8. 

Examples 

Insert the appropriate symbol =>, -ss- in place of 
in each of the following statements for numbers in 
digital arithmetic: 


1. 

5x(x + 5) ^ 0 

X = 7, 

2. 

7z = 9 

II 

H 

i 

3. 

X® — X 

i 

H 

II 

O 

R 

H 

II 

4, 

2x+l = 5x + 6 

^ X = 3. 
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(f2. Properties of the Multiplication 
Table 

Let us now look at some of the deductions that can be 
made by inspection of the table. 

(i) If a is any one of the odd numbers 1, 3, 7, 9, then 

the row (or column) headed by it contains all the digits 
1,2, .,.,9, each occurring once precisely. Thus the 
relation o® = 6 (i)eD also) 

is satisfied by exactly one value of ®, whatever value is 
selected for 6. 

For example, ^ 

7x = 4 o X ^ 
ftr - 6 o z = 4. 

In terms of the earlier I'emarks about rational fractions, 
the symbol j 

a 

has a unique interpretation within D when a is one of 
the numbers 1, 3, 7, 9, 

(ii) If a is any one of the even numbers, then the row 

{or column) headed by it contains zero (corresponding 

to oa) and also the four numbers 2,4,6,8 each tahen hvice. 

Thus the relation . „ _, 

ax = 6 (oeD) 

has no solution when 6 is odd, and two solutions when 
6 is even. 

For example (and note the arrows carefully) 

X — 6 => 4x = 4, 

but 4x == 4 4^ z = 6; 

3-2 
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a? = 8 


2z = Q, 

but 

2x = 6 

¥ 

X = 8j 


X = 4 


Sx = 2, 

but 

8a: = 2 

4> 

X = 4. 


In each case, the second Hoe of the argument requires 
the symbol since another value of x is possible in 
addition to the one stated. 

(iii) When a = 5, the relation 

{IX {beD} 

has no solution except when 6 = 6 or 0, (The value 6 = 0 
has been excluded by implication from (i) and (ii),) 
When 6 = 5, the equation 

5a: = 5 

is satisfied by a: = 1,3,5, 7,9; when 6 = 0, the equation 

6a: = 0 

is satisfied by a: = 0, 2, 4, 6, 8. 

([3- The Even Integers 2, 4, 6, 8 under 
Digital Multiplication 
Consider the subset of D formed by the elements 
2, 4, 6, 8 taken from it. These elenients form a set 

E = {2, 4, 6, 8} 

which we may subject to the process of digital multipli¬ 
cation. The multiplication table (the order of the num¬ 
bers being selected for later convenience) is: 



6 

8 

2 

4 

6 

0 

8 

2 

4 

8 

8 

4 

6 

2 

2 

2 

6 

4 

8 

4 

4 

2 

8 

6 
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It is observed, and is very important for later work, that 
eacA TOW (ttid ecich coIumu of the table contains each element 
of E and once only. The four numbers form a closed 
entity under digital multiplication. 

An unexpected feature is that the set E possesses a 
u 7 iity, namely the number 6; for 

6a = a 

for all aeE. This is an excellent example to warn us not 
to be led astray by notation or preconceived ideas 
(compare p.24). 


([4, The Odd Integers 1, 8, 7, 9 under 
Digital Multiplication 
Working similarly with the set 
F ^ {1, 3, 7, 9} 

we have the table 



1 

3 

7 

9 

1 

1 

3 

7 

9 

3 

3 

9 

1 

7 

7 

7 

1 

9 

3 

9 

9 

7 

3 

i 


This set also has a unity, this time the number 1. 

The point now to be made is that these ttco tables are 
structurally the same, in that if we form a more general 
table 


e 

a 


€ 

€ 

a 


b 


h 


c c 


a 

a 

c 

e 

b 


b 

b 

e 

c 

a 


c 

c 

b 

a 

e 


then the first is the special case 

e = 6, a ^ 8, 6 = 2, c = 4 
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and the second is the special case 

e — 1, a = 3, 6 = 7, c = 9» 

(f 5. The {e, a, 6, c} Table Again 
It is impressive enough that the same multiplication 
table should serve two such apparently different uses, 
but many other particularisations ai’e possible. We revert 
for a few moments to ordino^ty writliTmiic, Take e to be 
the ordinary unity 1, and suppose that the four numbers 
e, a, 6, c are all different. From the table (with e = 1) we 
have, for a use to be possible, 
a® = c, ab =1, oe = 6, 6^ = c, bc = a, = 1, 

Since c® = 1 and c + 1 (being different from e), it follows 
that 

c = — 1. 

Hence = - 1, 6^ = - 1. 

In elementary aritlimetic, there are no possible values 
for a and 6; but if we allow the introduction of complex 
numberSf then we can take 

a = i ( = V(-1)) 
and 6 (=t=a) is then — i. 

[The reader who has not yet met complex numbers will 
find it sufficient for the present to accept i as a number 
of ordinary algebra to be manipulated in accordance 
with the ordinary rules save only that may always be 
replaced by —1, For example, 

{p-\-iq)(p-iq) =p^-{iq)^ ^ 

= p^ + q\} 

If, then, we set 

e = 1, a = % b = —% c = — 1, 
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we may hope that the multiplication table 



1 

i 

—i 


1 

I 

i 

— i 

-1 

i 

i 

-1 

1 

— i 

— i 

—i 

1 

-1 

% 

-1 

-1 

— i 

i 

1 


will be valid; and it is easy to check that this is so. 


Examples 

1. Prove that the same form of table as that given in 
([ 4 is obtained (when e = 1, a = 2, 6 = 3, c = 4) if a 
^product’ xy means the remainder after dividing the 
ordinary arithmetical product of x and y by 6. 

2. A set consists of the numbers 2, 4, 6, 8. The rule of 
‘multiplication’ is that a ‘product’ oiy means the units 
digit of the ordinary arithmetical product ixy. Obtain 
the multiplication table. 


(f 6. Since we have touched on complex numbers, it may 
be worth while to point out their analogues in digital 
arithmetic. We have seen earlier the interpretation 


^1 = 9 , 


and so ^/( — 1) is any number wliich multiplied (digitally) 
by itself gives 9. There are two such numbers, 3 and 7; 
so, noting that their sum is zero, we obtain the interpre- 
tations . ^ ^ ^ 


Tills is, of course, what lies behind the essential identity 
of the multiplication tables for the sets {1, 3, 7, 9} and 
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Example 

Prove that, under the rules of digital arithmetic, the 
set (2,8}has 6as unity, 4a31' and 2,8as ^ — 1) ^ 
* — V( “ 1) ’ respectively. 


([7. The Idea op a Group 
Consider again the general table 


e 

a 


e 

e 

a 


b 

c 


b 

c 


a 

a 

o 

e 

6 


b 

b 

e 

c 

a 


c 

c 

b 

a 

e 


This involves four elements, among them the ^unity’ 
element e, and sixteen products. It is easy to check that 
the products satisfy the associative law for multiplica¬ 
tion; for example, 

(a6)c = (c)c = c, 


a(6c) = a{a) = a® = c; 


and {ba)b = (e)6 = 6, 


. b[ah) ^ b(e) = 6; 

and so on. So we have four elements wJwse products satisfy 
the associative law. 

Further, each row and mck coluMn contahis each 
element once and once only. 

A set of elements subject to a law of combination 
('multiplication’ in an extended sense of the word) 
satisfying the above two conditions is said to form a 
group. 

We liave introduced the idea of a group from this 
somewhat pictorial point of view, since that seems to 
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show quickly what is involved. In more theoretical 
treatments other properties are used for the actual 
definition. These will now be obtained, establishing 
them from the multiplication table. 

First, however, we must remove a possible sonree of 
misconception. This particular group is a co^nmutative 
group (also called an Abelian group) in that all pairs of 
elements commute for multiplication; for example we 
obtain the same answer for a product ab as for its com¬ 
muted form ba. But this need not always be so. To give 
'room for manoeuvre’ we select as an example a more 
elaborate group,* of six elements, forming thirty-six 
‘products’: 



e 

a 

b 

u 

V 

w 

e 

e 

a 

b 

u 

V 

w 

m 

a 

b 

e 

w 

u 

V 

b 

b 

e 

a 

V 

w 

u 

n 

u 

V 

w 

e 

a 

b 

V 

V 

w 

u 

b 

e 

a 

w 

w 

u 

V 

a 

b 

e 


It is necessary to explain carefully what is meant here 
by the y^'ovd product. Take, for instance, the symbol im. 
We mean by wa that element which is in the row of w 
and the colwmn of a; thus 

tm = u. 

On the other hand, mean by aw that element which 
is in the row of ct and the column of w; thus 

aw = V. 

The two products are thus unequal; in other words, 
tm + atv, 

• This group wQl bo derived from an argument in elemental^ 
geometry later; see p, 85, There is a slight change of notation. 
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and so we must be very careful about the order in which 
we write the elements of a product. 

For further illustration, the table shows that 

uv^ vu = b; 

ua = au = w. 

The first of the requirements (p. 40) for the six 
elements to form a group is that their 'products" satisfy 
the aasociaiive law x{yz) = {X'yjz for all a;, y, z in the given 
set: 

Examples 

Verify that the products from these elements do 
satisfy the aasooicUive law, confining your attention if 
you wish to the following examples: 

(i) {a 2 i)a = a{ua), 

(ii) {f^)n ~ aijbu), 

(iii) {uv)w = %i{vw), 

(iv) = w(bv). 

Assuming, then, that the associative law has been 
established, as in the above examples, note that tlie sia: 
elements svbjecl to this mvltiplication table do form a group, 
in the sense of the definition of p. 40. The aim now is to 
derive through this group the more abstract form of 
general definition to which we just referred. The argu* 
ment will be based on a particular casCj but the reasoning 
can be applied to any group with a given multiplication 
table. 
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f 8, Fundamental Group Properties 
For definiteness, the following argument, which is 
perfectly general in nature, refers throughout to the 
group table for the six elements e, a, b, u, v, w described 
in ([ 7, 

Note first that, if three elements x, y, p are so relaied (hat 

xp^yp, 

then X and y are tihe same element. For the column through 
p contains the element which is xp or yp once only, so 
that its row is determined. Similarly, 
qx = qy => x ^ y. 

We come now to the basic group properties: 

1, The group necessarily has a unity element By a 
unity element, it will be recalled, is meant an element 
denoted (without prejudice) by e such that, for all x in 
the group, ex = xe^x. 

Take a; as a typical element in the group* The column 
through X contains all the elements and, in particular, 
a: itself. Hence go that fx = x. 

Similar argument from another typical element y leads 
to an element g such that 

gy = v^ 

We cannot, without further argument, assume that 
/ and g will be the same. But 

fx^x 

^ /(A) = A 
=> (Z/)® =A 
^ //=/; 
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and gy = y 

=> f{gy)=fy 

=> {Sg)y=fy 

=> fg=S- 

Hence // = /?. 

SO that S = 9* 

Hence 3/, the same for all elements^ snch that 
fx - X, 

Similarly, 3A, the same for all elements s, such that 
zh = z. 


We have now to prove that/and h are the same: 

Take for x the element ft, and for z the element thus 

/A = A, /A=/. 

Hence A — /. 

We have therefore establislied the existence of an 

element, which we now call e, such that 
* 

e^ — xe = x 

for all X of the group. 

(The particular group exhibits e at once from the table 
as a unity element, but merely to look at one group is 
hardly general argument.) 

2, Far each elem&rd x of the group an ele^nent y can be 
found stu:h that 

xy = yx — e. 

The elements a;, y are said to be inverse in the group. 
It is natural to write 

y = x-^ 
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and easy to prove that 

To prove the main result, the table establishes, for any 
given Xy the existence of y and z such that 

xy ^ e^ zx = e. 

The problem is to prove that y and z are the same. 

Now xy — e 

^ z{xy) = ze = z 
=> {zx) y = z 
^ ey = z 
^y^z. 

To recapitulate: a grcntp may be defined abstractly as 
a set S of elements subject to a rule of combinationy which 
we denote by the symbol x ^ such that 

X€S, y€S => xxyeSj 
{xxy) Xz — X X (y X z)y 
3e such that xxe = exx ^ x^ 

3.x~^ such that (ar^) x x — xx = e, 

where x, y, z are arbitrary elements of S. 

This is the definition usually used as a staHing-point 
for a theoretical discussion. 

Examples 

L In the first table of f 7, identify 
a’\ b \ c-\ 

2. In the second table of f 7, identify 

b-^y 
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3. Prove that, if y are elements of any group jS, 
(xy)-^ = 

for multiplication in the order stated* 

NOTE* A final comment may be uaefuL All tho groups to be 
considoi’ed her© have a finite number of elements — ^four and six 
have been met so far* But it is perfectly possible to construct 
groups having an infinite number of elements; for example, 

{..., -3, -2, -1,0, 1,2, 3,...} 

where the ‘product’ of two numbers a and b is the ordinary 
algebraic sum, so that 

^3 + 2 =-l, 64*(«4) = 2, 

and so on; the ‘unity* is the number 0 and the ‘inverse* of an 
element a is the number — a, 

([9* Anotiiee Group of Six Elements 
Take the set of six numbers 

I, 2, 3, 4, 5, 6 

and subject them to the rule that the product ab is to 
mean the remainder after dividing the ordinary product 
ax b by 7. The table (where the order selected for the 
numbers is adopted for the sake of points to be illustrated 
later) is 



1 

2 

4 

6 

3 

5 

1 

1 

2 

4 

6 

3 

5 

2 

2 

4 

I 

5 

0 

3 

4 

4 

1 

2 

3 

5 

G 

G 

6 

5 

3 

1 

4 

2 

3 

3 

6 

5 

4 

2 

1 

5 

5 

a 

a 

2 

1 

4 


Examples 

1, Prove that these numbers, subject to this rule, 
form a group* 
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2* Find the inverses of each of the six elements. 

3* Prove that the three numbers 1^2,4, subject to the 
same rule, also form a group; and that the two numbers 
1, 6, subject to the same rule, also form a group, 

4, Prove that the above group and the other group of 
six elements given on p* 41 are quite distinct, in spite of 
obvious similarities* 

5. The elements of a set are the six numbers 1 , 

— 1 , - — Qj, where w (a ‘ cube root of unity’) is subject 

to the normal rules of arithmetic save that w® = 1 
although ni =i= I, Prove that these six numbers form, 
under multiplication, a group whose table has the same 
structure as that just given* 
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CHAPTER IV 

A GROUP OF a^RODUCT’ OPERATIONS 
IN GEOMETRY 

([ 1. The Figure 

Let A, By Gy D be four points in general position in a 
plane; denote by Py Qy R the intersections 

P = {BCyAD)y Q = {CA,BD)y B = {AByCD), 

As a complete abstraction, wliich the reader is advised 
not to attempt to visualise, we introduce an identifimtion 
point By which is there simply to have the properties 


A 



with which we shall shortly endow it. (The beginner 
should not allow Mmself to be put off by this abstraction; 
all things will work together for good.) 

([2. The Operations 

We introduce eight 'operations’, to be denoted by the 
symbols 
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(i) The operation e is quickly disposed of; it is the 
identity operation leaving all the points of the configura¬ 
tion unchanged. 

(ii) The operations a, c, d are also fairly simple. 
The operation a, for example, interchanges the points on 
the lines collinear with A : thus it replaces R, C, D, P, Q, i2 
by By Qy Py Dy Gy B respectively. This process may con¬ 
veniently be denoted by the symbolism 

a{BCDPQB) - (RQPDGB), 

Similarly, 

b{GADPQR) = (PRQCDA)y 
c(ABDPQR) = {QPRBAD)y 
d{ABCFQR) - {PQRABG). 

(iii) The operations q, r are a little harder to explain. 
Consider first the operation p* By analogy with the 
previous cases listed in (ii), it is to interchange B, C and 
also AyD. In addition, it is to interchange Q,B as it 
would have done if Py Qy R had been a straight line. Thus, 
by definition, 

piABCDQR) = (DCBARQ)y 
' q(ABCDRP) = {CDABPR)y ■ ‘ ‘ 

t{ABGDPQ) - {BADGQP). 

(iv) In addition, any operator acting on the point 
denoted by its own letter will be regarded as inter¬ 
changing that point with the identification point E\ for 
example, as a matter of defimtion, 

a{AE) = {EA)y 
p{PE) - (PP), 

and so on. 


4 


mom 
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([8, The ‘Product’ of Two Operations 
Suppose that the eight points EPQRDABC are sub¬ 
jected to the operation a; thus 

a{EPQRDABC) « (ADOBPERQ). 

Subject the new sequence of points 

ADCBPERQ 

to the operation p; thus 

p(ADCBPERQ) = {DABCEPQR). 

In obvious sense of the notation, 

p{a{EPQRDABC)) = [DABCEPQR), 

and it is natural to write the left-hand side in the form 

pa{EPQRDABC). 

The effect is to act on [EPQRDABC) by an operation 
conveniently denoted by the symbol pa. This operation is 
called the prodiict of a by p. 

Note carefully that the product of ^ by a is 

ap[EPQRDABC) 

« a{p[EPQRDABC)} 

= a[PERQADCB) 

= [DABCEPQR). 

The operations pa and op involve a and p in reverse 
orders. In this particular case the results have been the 
same, but U need not be so: in this kind of‘multiplication ’ 
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it must not be assumed that two products uv and vu are 
necessarily the same. 

As a second example, form the two products ga and ag. 
We have 

ga[EPQRDABC) = g[ADCBPERQ) 

= [CBADRQPE) 
and ag[EPQRDABC) = a[QBEPBCDA) 

= [CBADRQPE). 


([ 4. The Operations as a Closed System 
Let us return to the formula 

pa[EPQRDABC) = [DABCEPQR) 

and consider the right-hand side. It is, in fact, identifi¬ 
able quickly as ^^spqrDABC), 

BO that the effects of the two opercUions pa and d are the 
same. In symbolic language, 

pa = ap = d. 


Similarly, 

qa 

^ aq = c. 


Examples 




Prove the formulae: 



(i) a® = 


II 

d^ - e* 

(ii) be — 


ca ^ q. 

ab = T. 

(iii) pd = 

:a. 

11 

rd = c* 
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([5, A ‘Multiplication Table’ of 
Operations 

It will be simpler to write the table down and to 
explain it after; 


e 

V 

9 

T 

d 


B p q f 
€ p q T 
p e r q 
q T B p 
r q p e 
d a b c 


a a d c b 
b b c d a 
c c b a d 


d a b c 
date 
a d c b 
b c d a 
chad 
e p q r 
p e r q 
q r e p 
r q p e 


The table is to be interpreted as follows: 
To identify a product such as 


ap, 

find the element in the same row as a and in the same 
column as p : that is, associate row with a and column 
with p. (Since all these products are, as it happens, com¬ 
mutative, the insistence on row-and-column distinction 
is superfluous; but there are many cases wliere the dis¬ 
tinction is vital; see p. 41.) 


Example 

Verify that the product of two operations, such as ag, 
is found by obtaining the third point {C) on the line AQ^ 
giving the operation c. The points P, Q, E are treated as 
colli near for this purpose. 

([6. The Associative Law 
The associative law, for example 
. a{qd) = {aq)d 
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follows immediately from the definition of the opera¬ 
tions, each side being in fact the result of operating first 
by dy then by and then by €L. The result can also be 
verified, somewhat laboriously, from the table: 

a{qd) — ab = r, 

{aq)d = cd = r. 

Examples 
Verify the relations: 

a{bc) =s (a6)c, 

b(r5) = (if) 6, 

q(pd) ^ {qp)d. 


([T, The Group Property 
It follows at once from the discussion on pp. 40-45 
that the set of sleTnents subject to the muUipUcation table 
given in ([ 5 forms a group* 


([ 8. A Subgroup 

The top right-hand corner of the table given in ([ 5 is 



P 

9 

r 


P 

9 

r 


P 9 

p q 
c r 
T e 
q p 


T 

T 

9 

p 


and brief inspection shows that this is a group in its own 
right. Such a section of a given group is called a subgroup* 


Examples 

1. Prove that the following are also subgroups: 
(i) cLdpCy (ii) bpce* 
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2* Prove that the following are not subgroups; 

(i) dabc^ (ii) dpqr. 


A Comparison of Groups 


We have now obtained two groups of four elements 
each, namely (p, 37) 


and (p» 53) 



a 

a 

c 

e 

b 


b 

b 

e 

0 

a 


c 

0 

b 

a 

e 


e 


e 


e 


P 

3 

f 


P 

r 


P g 

P ? 

€ T 

r e 

q p 


r 

T 

9 

P 

e 


It is natural to ask whether they are in fact the same 
group, apart from notation. The answer is immediately 
no, since all elements of the second group have their 
'squares' equal to the unity, whereas there are two 
elements of the fii'st whose 'squares' are not unity. 
Hence the two groups are quite distinct. 


([ 10. Another Way to the Same Group of 
Eight Elements 

A great deal of the interest of the group in chapter m 
arose from the fact that several different approaches led 
to the same end. In a similar way, we now give an 
entirely different approach to the group of eight elements 
considered in tins chapter. 
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By an ordered triplet we shall mean a set of tluee 
numbers written in the form 

(a, 6, c), 

where the order is important so that, in general, 

{a, &, c) + (&, d, c) + (6, c, a). 

The numbers themselves will be calculated in binary 
arithmetic, which is very similar to the digital arithmetic 
of chapter i, save that we require only the operation of 
addition. By the mm of two numbers a and b we mean 
the remainder on dividing the normal sum u + 6 by 2. 
Thus 7 + 5 = 0, 9 + 4=1. 

In fact, however, only the two elements 0,1 are required, 
and they are subject to the four rules 

0 + 0 = 0 , 0+1 = 1 , 1 + 0 = 1 , 1 + 1 = 0 . 

The available triplets, to which we now give names, are 
e - (0,0,0), p = (0, 1, 1), g = (1,0,1), r = (1,1,0), 

d = (1,1,1), = (1,0,0), = (0,1,0), 21? = (0,0,1). 

To combine them, we use the word 'product', where, as 
a matter of definition, the product of the two elements 

x= (a, &, c), y = 
is to be given by the formula 

xy = (a + ?, 6 + m, c + n), 

the addition on the right being in accordance with binary 
arithmetic as just described. 

For example, 

pg = (0+1, 1 + 0, 1 + 1) = (1, 1,0), 

dr = (1 + 1, 1 + i, 1 + 0) = (0, 0, 1), 

2iw? = (l + 0, 0 + 0, 0+1) = (1,0, 1). 
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Examples 
Find the products: 

0) (iJ) (iii) pd, (iv) tvp. 

It is now a simple matter to construct the table: 



e 

p 


r 

d 

u 

V 

w 

e 

e 

p 

§ 

r 

d 

u 

V 

w 

P 

P 

e 

r 

7 

u 

d 

w 

V 


Q 

r 

e 

P 

V 

w 

d 

u 

r 

r 


P 

e 

w 

V 

u 

d 

d 

d 

u 

V 

w 

e 

p 

? 

r 

u 

u 

d 

w 

V 

P 

e 

f 

7 

V 

V 

w 

d 

u 


f 

e 

P 

w 

w 

V 

u 

d 

r 

q 

P 

e 


which is identical with that given on p, 52, 

Hence the ttvo systems described in this chapter have 
identical group structures. 

([ 11. Yet Another Way to the Same Group 

(Note the symmetry of notation used to explain Fig, 3.) 

Let 01, 02, 03 be three given mutually perpendicular 
lines in space. Denote by a, y (Greek letters alpha, 
beta, gamma) the three planes, also mutually perpendi¬ 
cular, 023, 031, 012, 

Given any point we define eight operations: 

(i) eE^ meaning,' leave E alone'; 

(ii) aEt meaning, 'take the mirror image of E in the 
plane a’—that is, take the point A such that EA is 
perpendicular to the plane a and bisected by it; 

(iii) bEj meaning. Hake the mirror image of E in the 
plane 

(iv) cE, meaning, 'take the mirror image of £ in the 
plane y’; 
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(v) dE^ meaning. Hake the mirror image of E in the 
point O’—that is, take the point D such that ED is 
bisected by 0; 

(vi) uE^ meaning. Hake the miiTor image of E in the 
line Ol*—that is, take the point U such that EU is 
perpendicular to the line 01 and bisected by it; 


A E 



(vii) vEy meaning, Hake the mirror image of E in the 
line 02’; 

(viii) wEy meaning, ‘ take the mirror image of ^ in the 
line 03’, 

In the diagi^am (Fig. 3) these points are E, A^B, Gy Dy 
Uy F, IF respectively. 

We now require a meaning for the product of two or 
more of these operations. 
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Consider, for example, the meaning to be given to the 
symbol 

To make sense at all, this must be 

u{hE), 

or uB; 

and this, by (vi) above, is the mirror image of the. point B 
in the line 01. The diagram shows this to be the point C. 

ubE==C = cE, 

SO that lift == c 

Again, a^E = a{cE) = aC, 

which is the mirror image of G in the plane a; so that 
aC=V^ vE, 

giving the relation ac = v. 

As a final example, 

v^uE = v{iiE) = vU 
= W 
= wE, 

so that VU — 

Examples 

1- Verify that the products satisfy the following 
table: 



e 

u 

V 

w 

d 

a 

b 

c 

e 

e 

u 

V 

w 

d 

a 

b 

c 

u 

u 

e 

w 

V 

a 

d 

c 

b 

V 

V 

w 

e 

u 

b 

c 

d 

a 

w 

w 

V 

u 

e 

c 

b 

a 

d 

d 

d 

a 

b 

c 

e 

u 

V 

w 

a 

a 

d 

c 

b 

u 

e 

w 

V 

b 

b 

c 

d 

a 

V 

w 

e 

u 

c 

c 

b 

a 

d 

w 

V 

u 

e 
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2, Verify that these operations form a group identical 
in structure with those given on pp, 52 and 56* 

3. Verify that a set of elements €, a, 6, c satisfying 
any ‘multiplication table’ 


e 

a 


b 


e 

a 

e 

c 


c 


b 


a 6 
e c 
c b 
b a 
a e 


c 

T 

u 

e 

c 


cannot form a group, there being no unity element and 
the associative law not being obeyed. 
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CHAPTER V 

GROUPS WITHIN GROUPS 

We have now advanced some distance in abstraction. 
The next two chapters will give a gentle introduction to 
some standard results that follow fairly naturally, pre¬ 
sented here from a more or less intuitive point of view. 


([ 1. The Groups Displayed 


We gather together, with occasional changes of nota¬ 
tion or of the order in which elements are written, the 
groups that we have already met (including some ^sub¬ 
groups^): 

A (p, 47) 



e a 

e 

e a 

a 

a 0 


B (p, 47) 



b 


b 


a b 
a b 
b e 
e a 


C (p. 37), The meaning of the dotted lines in the 
following tables will appear later. 


e 

a 


e 

e 

a 


b 


b 


a b c 
a ^ b c 
e \ c 6 
c a e 
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D (p. 53) 






c 

a 

b 

c 






e 

0 

a \ 

\ ^ 

0 






a 

a 

e \ 

c 

b 






b 

b 

c j 

e 

a 






c 

e 

b 1 

1 

0 



E (p. 41) 



e 

a 

b 

u 

p 

w 




e 

e 

a 

b 

u 

V 

w 




a 

a 

b 

e 

w 

u 

V 




b ' 

b 

0 

a 

V 

w 

u 




u 

u 

V 

w 

e 

a 

'6" 




V 

V 

w 

u 

b 

e 

a 




w 

w 

u 

t; 

a 

b 

0 


F (p. 46) 



e 

a 

b 

u 

V 

w 




e 

e 

a 

b 

\ u 
> 

p 

w 




a 

a 

b 

e 

3 t£? 

u 

V 




b 

b 

e 

a 

V 

w 

u 




u 

u 

w 

p 

6 

b 

a 




V 

V 

u 

w 

b 

a 

e 




ty , 

w 

V 

u 

a 

e 

b 


G (p. 52) 


e 

a 

b 

c 

d 

u 

p 

w 


0 

0 

a 

b 

C ; 

d 

u 

\ ^ 

w 


a 1 

a 

0 

c 

^ \ 

u 

d 

1 w 

V 


b 

"'5 ■■ 

c 1 

e 

a 

p 

w 


u 


c 

c 

b 

a 

0 

w 

V 


d 


d 

d 

u 

V 

tu 

0 

a 

j b 

c 


u 

u 

aJ 

1 w 


a 

e 

\ c 

b 


V 

V 

w 

I'T 

u I 

i ^ 

c 

\ ^ 

a 


w 

w 

V \ 

\ u 

d \ 


b 

\ ^ 

e 


([2, Groups of Two or Three Elements 
Here, as always throughout this chapter, we use tlie 
symbol e for the unity element. We have seen (p, 43) that 
every group must have a unity. 
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Consider first a group of itvo elements, e and a. The 
group table necessarily starts in the form 


a a 


The only uncertain product is indicated by a dot; it 
must, in fact, be €, for the elements in rows (or columns) 
must be distinct. 

Hence the only table for a group of two ekmenis is 


Corollary. The elernent a satisfies the relaliofi 


Consider next a group of three elements a, a, b. The 
table begins 

e a b 


e a b 
a . 
b 


The second row can thus be, in the first place, either 
a, €y b or a, b, e. The former is, however, impossible, since 
under it the third column would have two elements 6- 
The whole table is now determined, so that the only table 
for a group of three elermnis is 

e a b 


e a b 
ate 
b € a 
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Corollary* The ehymnis a, b satisfy the relations 



11 

II 

Examples 



1. Prave that 


6* = e, 

a® = e. 


0-1 = b. 

6-1 = a. 


where a“^, are the inverses (p. 44) of a, 6. 

2. Establish for group C the relations 
= e, c* = e. 

([3* Subgroups 

In order to examine the structure of a given group, 
one obvious starting-point is to consider whether there 
ai'e witliin the group any subgroups: sets of elements, 
that is, within the group which, under the given rule for 
group multiplication, have by themselves all the pro¬ 
perties of a group. 

Examples, some of which have been met already, are: 
{e, a} in C; 

{e, a} in D; 

{e,a,b},{e,u},{e,v}, {e.w} in E; 

{e, a, h), {e, it} in F. 

Note that, just as a given group must contain a unity 
element, so the unity e must be a member of every subgroup. 

Example 

Verify that if x is any element of a ^ven group, then 
its inverse x-^ in that group is a member of every sub¬ 
group containing x. 
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([4. Cosets 

Once a subgroup has been selected within a given 
gi'oup, an obvious question to ask is what features there 
are for the products that arise when ehTuenis of ike sub¬ 
group are multiplied by the elemerUs of the whole group. 
Consider two examples: 

(i) In group select the subgroup {e, a, b}. Then^ in 
obvious notation: 

= {e\ oe, be} = {e, a, 6}, 

{e, a, b}a = {ea, ba} = 6, e}, 

{e,ajb}b = {e&, ab, fi®} = {6, 6, a}, 

{ej a, b}u = [eUt au, bu} = {u^ v}^ 

== [eVj aVj bv} = 

{e, atb}w = {eWf aWt = {w^ v, u}. 

(ii) In group G, select the subgroup {e,c}. Then 
(expressed more briefly): 

{e, c}e^ {e, c}, {e, c}d ^ {d, w}, 

{Si c}a = {a, b}t {e, c}u = {u^ v}^ 

{e, c}b = {b, a], {e, c}v ^ {v, u}, 

{e, c}c = {c, e}, {e, c}w = {w, d]. 

The resulting * product’ sets divide themselves exclu¬ 
sively into classes* In (i) j the classes are 

{e,a;b}, {u,v,w}; 

in (ii), the classes are 

{e,c}, {a,b}, {d,w}, {u,v}. 

These sets are called the cosets arising from the given 
subgroups. 
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Examples 

L Prove that, in G, the cosets arising from the sub¬ 
group {e^a} are 

2, Prove that, in F, the cosets arising from the sub¬ 
group {e,^} are 

3. Prove that, in G, the cosets arising from the sub¬ 
group {e, a, 6, c] are {e, a, 6, c}, {d, v, w}* 

([5, Some Special Features of the Groups 
C, G 

The features which follow are common to many groups 
bid not to all. Our immediate aim is to illustrate the way 
in which from a given group we may be able to obtain 
groups within it of even greater abstraction. 

Let us begin with the group C. The table (p. 60) is 
exhibited as divided into four blocks, of wliich two con¬ 
tain the elements e, a and two the elements &, c. Write 
the sets {e, a}, (6, c} in the form: 

H = Ka}, JC = {i,c}, 

where //, K are the cosets arising from the subgroup 

Observe now that 

(i) if two elements of // are multiplied, the result is 
an H; 

(ii) if an element of H is multiplied by an element of K 
(in that order), the result is a JC; 

(iii) if an element of K is multiplied by an element of 
H (in that order), the result Is a if; 

(iv) if two elements of K are multiplied, the result is 
an H. 


5 


MGH 
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These results may be summarised by means of the 
table: 



H 

K 

H 

H 

K 

K 

K 

H 


where, for example^ the product KH means precisely 
the operation described in (iii), yielding the answer K. 
We thus have a grimp of cosets. 

Examples 

Repeat the argument to obtain the same ‘multiplica¬ 
tion table' from D, F and 0, where, in the latter case, 
only the ^central * dividing lines are used- 

From our given groups we have therefore succeeded in 
deriving other groups by an exceedingly abstract dehiii- 
tion of the ^products'- The resulting group, having just 
the two elements //, iC, is (p 2) necessarily of the form of 
group as is immediately clear, 

A concrete representation of H^Kina. particular geo¬ 
metrical setting is given in the next chapter. 

Example 

Verify that the above products for //, K do in fact 
satisfy the associative law essential (p, 40) for a gt^oiip, 

We pass on to tJie group 6?, considering now the full 
subdivision into sixteen ‘squares’. Write 

H = {a,e}, K = {b,c}, L^{d,u}, M = {v,wl 

the cosets arising from the subgroup H, We define pro¬ 
ducts by exact analogy with the simpler case just dis¬ 
cussed. To give thi'ee examples in illustration: 
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(i) KxK = the set (if any) whose elements consist of 
the product of one K by another K 

= {fe X 6, & X c, c X 6, c X c} 
s {e, a, a, e}, 

and this is just the set /i, the repetitions being irrelevant. 
Hence KxK 

(ii) Lx M ^ the set (if any) whose elements consist of 
the product of one L by one Jf, 

= {di;, dWt uw} 

~ [b, c, c, 6} 

^ K. 

(iii) M xH = the set (if any) whose elements consist 
of the product of one M by one H 

m {vBy VBj W'e} 

= {Wt Vj v, w] 

= M. 

Pi'Oceeding in this way, w© obtain the table 



H 

K 

L 

M 

H 

H 

K 

L 

M 

K 

K 

H 

M 

L 

L 

L 

M 

B 

K 

M 

M 

L 

K 

H 


which we recognise as identical m structure with table D. 
Once again we have a group of cosets. 

Example 

Verify tliat the sets K, L, M subject to the present 
rule of ‘multiplication’ satisfy all the conditions for a 
group. 
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([ 6* A Remark on Subgiioups 
It is readily obsen^ed that G, G all have as a 'sub¬ 
group ' the group described as A. But it is important to 
realise, as remarked before (compare p, 59), that the sets 

{&,e} in C?, 

{6, c} in Dj 
{6,c}, in G 

are not subgroups: they cannot have the features of a 
gi'oup since they do not possess a unity ehrmfit. 

In the same way, {e,a,b} 

is a subgroup of E and F, but 

{u,v,w) 

is noli and {e,£i,6,c} 

is a subgroup of 0, but 

{d, u, V, w} 

is not, 

(f 7, As we implied (p, 65) the work given in ([ 6 needs 
care in application. We give, in fact, a group for which 
modification is necessary before the calculations can be 
applied: 

A New Group of Eight Elements 
Suj)pose that {x^y) is a number-pair consisting of two 
numbers a:, y in an assigned order. We apply first a group 
(as it wall be seen to be) of four 'traiisfonnations\ which 
give to the two elements the four possible choices of sign: 

= (a:,y), Hx,y) = {x, -y), 

“(«. y) = {-x,y), c{x, y) = (-a:, - y). 
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Following earlier precedent (p- 50), a product such as 
a6 is defined by the rule 

ab(x,y) = a{b{x,y)} 

^ a(x, -y) 

= (-®i -yh 

the operation a changing the sign of the first element 
while leaving the second (in tliis ease ^y) unchanged, 

<d){x,y) = c(x,y), 

so that ab ^ c, 

Similaily, cai,x.y) = c{a{x,y)) 

= c(-»,!/) 

= (*. -y) 

so that ca = b. 

Proceeding in this way we have the table 


e 

a 


e 

e 

a 


b 


b 


C 0 


a 

a 

e 

0 

h 


b c 
'b~c 

c b 
e a 
a e 


showing that the four operations, with this rule for 
forming 'jiroduets’, constitute a group (compare p, 61), 
We now add four further operations obtained from the 
preceding by interchanging the tw'o elements; thus we 

h{z, y) = (y, x), v(x, y) = {y, - x), 

“(a:, y) = {-y >^)> y) = 
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The products are perhaps a little more awkward to 
calculate. We give three typical examples: 

(i) au{x,y) = a{u{x,y)} 

= a{-y,x) 

= (y.*) 

= y), 

so that au = k. 

(ii) 'ua{x,y) = u{a[x,y)} 

= u{-x,y) 

= {-y, -a;), 

since the operation u is the instruction, ‘intercliange tlie 
elements and change the sign of tlie new first’. Thus 

ua{z, y) = w{x, y), 

so tliat vxL = itf. 

Note that in this case tJie two prodiicts au and ua are 
different. The order of the operations is of vital import¬ 
ance. 

(iii) = v{v{x,y)} 

= viy, -X) 

= (-«. ~y), 

= c{x, y). 


SO that 


= c. 
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Proceeding similarly for other products, we have the 
table 



e 

a 

b 

c 

h 

u 

V 

V? 

e 

e 

a 

b 

c 1 

h 

u 

V 

w 

a 

a 

e 

c 

b 

u 

h 

w 


b 

b 

c 

e 

a 

V 

w 

h 

U 

c 

c 

b 

a 

e 

w 

V 

u 

h 

h 

h 

V 

u 

•w 

e 

b 

a 

c 

u 

u 

w 

h 

V 

a 

c 

e 

b 

V 

V 

h 

w 

u 

b 

e 

c 

a 

w 

w 

u 

V 

h 


a 

b 

« 


where, for example, a product 

ua 

is obtained as the element in the row through u and the 
column through a. 


Examples 

1. Verify the above table. 

2. Prove that the eight elements subject to these rules 
do form a gi'oup. 

We may now follow the procedure given in ([ 5 {p. 65), 
taking the subgroup {e, a, fc, c] and setting 

H = {e, a, i, c}, K = {h, u, v, w}. 

The table is 



H 

K 

H 

H 

K 

K 

K 

H 


as before. 

But if we seek further division on the pattern of p, 66, 
with four sections of two rows each crossed by four 
sections of two columns each, then the subsequent calcula- 
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tion does not work. If, for instance, we take the cosets of 
{e, a} and put 

H s {6, a}, K = {6, c}, L = {A, u}, M m {v, w}, 
we can indeed give meaning to the eight products 

HxH, HxK, HxL, HxM, 

ExH, KxK, KxL, KxM, 

but Die other eight prodvcts do not eoinst: 

For example, to form 

LxK, 

or {h,u]x{VfW} 

we need the set of products 

{hv, hWjUV^Uw], 

or • {a,c,e,6}, 

which is one of H, K, M. The subgroup {e, a} thus 
does not give rise to a derived* group of the four 
elements £f, K, Ir, M. 

On the other hand, it is possible to obtain a ^derived' 
group of four members by rearranging the order of the 
given elements with respect to the subgroup {fi, c}: 



e 

c 

u 

V 

h 

w 

a 

b 

e 

e 

c 

u 

V 1 

\ h 

w \ 

\ a 

b 

c 

c 

e 

V 

« 1 

\ 

h \ 

i ^ 

a 

u 

u 

V 

c 

e 

a 

b 

tv 

h 

V 

V 

u 

e 

c 

b 

a 

h 

w 

h 

k 

w 

b 

a 

e 

c 

V 

u 

w 

w 

h 

a 

b 

c 

e 

u 

V 

a 

a 

b 

k 

w 

u 

V 

e 

c 

b 

b 

a 

tv 

h 

V 

u 

c 

e 
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Starting from the subgroup (e, c} and writing 


H = {e, c}, K ^ {ti, v}^ L = {A, w}y M = {a, 6}, 


we can obtain the group 



H 

K 

L 

M 

B 

H 

K 

L 

M 

K 

K 

H 

M 

L 

L 

L 

M 

H 

K 

M 

M 

L 

K 

H 


But this group is based on {e, c} and not on {e, a}. 


Example 

Verify the table of products for ff, JT, L, M and check 
that the elements do form a group. 

([ 8. It is not our aim * to get involved with the tech meal 
abstractions of group theory; the reader, however, will 
naturally wonder why the procedure just outlined gives 
groups in some cases but not in others, A break-down of 
the group structure will help to make this clearer, begin¬ 
ning with an example where the procedure has been seen 
to be successful. 

Consider the group Q {p. 61) and select from it any 
a^Agroup. Here, we choose, of course, the one adopted in 
the earlier calculation, namely 

H = {6, a}. 

The first step is to multiply these two elements by each 

* And, iadeod, ike reader may omit tlie remainder of this aection 
if preferred. 


i 
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member of the group in turn* In detail, calculations of 
the cosets give: 

lU = = {ee,m} = {e, a}, 

Ha s (e, a}a m {ea^ aa] = (a, e}, 

}Jb = {e,a]b = = {6, c}, 

He = {e,a}c = {ec, ac} = [c, b}, 
lid = {e, a}d = {ed, ad} = {d, u}^ 

Hu ^ {e,a}u = {eu.au} = {u, d}, 

IIv = {e^a}v = {ev^ av} ^ w}^ 

Hw = (e, ^ {ew^aw} = {WsV}^ 

and so the cosets arising from {e, a} are (compare p* 66) 
Il = {e,a}, K = {b,c}, L = {d,u}, M = {v,w}. 

We have at once the formulae 

H xH = H, H xK = K, HxL^ Ly HxM ^ M 

already used; the analogous four 

IIxH = Hy KxH = K, LxH^Ly MxH^M 

follow similarly. 

The four elements H^ K, L, M have thus arisen in a 
natural manner from a systematic calculation, and the 
first row and the first column of the new group table are 
verified: 



B K L M 

H 

H K L M 

K \ 

K 

L 

L 

M , 

M 


At this stage of the argument we pause for a while. 
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The next step is to make (with gi-eater brevity of expo* 
sition) the similar calculation with the * unsuceessfur 
group tabulated on p* 72, starting with the subgroup 

H = (e, a}. 

Then He = {e, a}, Hh = {A, u), 

Ha = {a,e}, Hu = A}, 

Hb = {ftfC}, Hv = 

He = {Cyb}y llw = {WtV}, 

We find again the cosets 

H m {e,a}, K = {6,c}, L = {A,^}, M = {VyW}^ 

and the results seem similar so far—the cosets of // aixi 

identical to the eye. 

Ill order to trace the trouble to its source, we now 
proceed (still in the 'unsuccessfur case) to exaTniiie the 
product LxK. 

This consists of the products obtainable from the cosets 
{A, u}, {b, c} 

and so consists, in the first instance, of the four elements 

{hbyhCyUby UC}. 

For the * multiplication’ to have a meaning, these four 
elements must in fact consist of two only^ namely the 
elements of one or other of the cosets H, A, L, M, Now 
we cannot have kb = he, since A is not the unity, nor 
kb = ub, siiice b is not the unity; hence we require, for 
* success’ Jib = uc 

kc = ub. 


and, similarly, 
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Consider, say, the first of these relations. We are 
basing the whole division of the given group upon the 
subgroup {fi, ft} and its cosets, so it seems natui'al to 
begin by expressing some or all of the elements h, 6, u, c 
in terms of ft. Now from the table (p. 71), we have the 

k = aut c = fti, 
hb ^ uc 
atth = met 
^ au^ ua. 

In other words, ike expression of tJie elernents of the 
^2>roduct^ LxK in terms of one or other of H, K, £, M 
requires that the element u cmimutea loith a. 

Examples 

1, Prove similarly the requirement 

ah — ha>* 

2, Prove, by considering other products, that, for the 
complete table with K, M to exist, it is necessary 
that, for all x in the given group, 

ax = xa, 

3, By consulting the table on p. 71, deduce that, in the 
^unsuccessful* case, the elements //, JT, X, M certainly 
cannot form a group. 

The upshot of the preceding work is that, for 
to form a group, it is necessary that 


relations 
so that 


ax = xa 
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for all X in the given group. There is another way of 
expressing this: if is the inverse {p. 44) of ar, so that 

x{x^^) ^ = e, 

then ax =^xa 

=> = a:"^{a:a) 

^ {x~ ^x)a 
^ ea 

= ft. 

That is, the element a of a ^successfur subgroup (on which 
to base the subdivision of the given group) satisfies the 
relation os~^izx — a 

for all X in the given group. Thus t/te element a is unaltered 
if multiplied bef(yre bij x-^ and behind byx If it is altered, 
the calculation will not work. 

([ 9. Suppose now that, converselyj there is an element a 
with this property, that 

ar^ax = a 

for all X* Then we can prove that the sets calculated from 
{e,ft} as on p. 74 do form a group. Take, for example, the 
two sets formed from elements x, y of the given group. 
The two sets are (compare p. 74) 

{e, a}x = {ex, ax} = {x, ax} 
and {e, a}y = {ey, ay] = ay). 

Call these X, Y respectively. Then, by definition, 

XxY 

is the set whose elements are 

{asy, xay, axy, axay}. 
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Now — a 

^ ax = xa 
^ xay^ 

so that the elements axy and xay are the same. Fuilher, 
xr^ax = a 


^ ax = xa 
^ = axa\ 

but (p. 73), the whole calculation is based on the assump¬ 
tion that {e, a) is a subgroup and therefore a group of two 
elements only, and there is thus a relation 

= €, 

Hence x ^ axa^ 

so that xy = axay, 

and the two elements xy and axay are therefore the same. 
The product X xY thus consists of the two elements 

{xy.axy} 

= {€,a}xy, 

derived from (e, a] on multiplication by that element of 
the given group which is the product of x,y. 

We examine, finally, all the sets of the form 

for all X in the given group. They are equal in pairs, since 
the sets {e, a}x and {e, a}ax are the same, namely 

{eja}x ^ {x^ax} 

{e,a}ax ^ {axyuh:} 

s {oit, ir} {a^ 3 e). 


and 
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They can therefore be grouped after the pattern 
X ^ {e,a}x = {e,a}ax, 

Y = {e,a}y = {e,a}ay, 

Z = ^ {e^a}az^ 

and so on. By what we have just done, these sets may 
be subjected to the "rule of multiplication' 

Jf x 7 = 

which is clearly de fin ed. 

Now the set {X, 7, Z,...} under this rule has a ' unity' 
{e,a}e; 

and each element such as 
has an inverse {c, 

Subject only to confirmation of the associative law (p. 40) 
the elements therefore form a gi’oup; and the rule 

{l{e,a}x] X [{e, a}y]) x [{e,a}z] 

= [{s, a}x] X {i{e,a]y] x [{e, a} 23 ) 

is an automatic consequence of the rule for "multiplica¬ 
tion' together with the associative law 

{xy)z = x(yz) 

for the given group. 

The elements X, 7, Z,... therefore belong to a group, 

£ 10, The argument of f ([ 8, 9 has been cast into that 
particular fonii so as to exhibit how the expression 

x-^ 

mu^t arise in order for the theory to develop. The case 







80 A GATEWAY TO ABSTRACT MATHEMATICS 

when the subgroup, instead of two elements such as {e, a}, 
consists of four elements such as {e, a, 6, c} is more diffi¬ 
cult, though the general principles are similar, A text¬ 
book on group theory should be consulted. 

Examples 

1. Prove for the form of group table given on p. 72 

that the element c of the subgroup {s, c} satisfies the 
relation ^ 

for all X in the given group. 

2. Prove that, if the given group is commutative 
(p. 41), then the rule ^x~^ax = a* always holds. 

(f 11, The point that we have reached, then, is that, 
wiih care, it may be possible from a given group to select 
one of its subgroups and then to define a new gi'oup by 
means of a definition of * multiplication" involving con¬ 
siderable abstraction. 

The chapter which follows gives geometrical flesh to 
some of these very abstract ideas. 
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CHAPTER VI 

GROUP STRUCTURE ON A CIRCLE 

I, A Group of Six Points 

([ 1. Given a straight line u, divide the * straight angle ^ 
defined by it at any one of its points into three equal 
parte by the lines v, w (Fig. 4), The three directions n, v, w 
are to be the basic directions for subsequent work. 


B V 




In the plane of these lines, let a circle be given and take 
an arbitrary point E upon it. Five further points U, A, 
F, B, W are constructed successively on the circle by 
means of the following operations: 

(i) the line through E parallel to u cuts the circle again 
in U\ 

(ii) the line through U parallel to v cuts the circle 
again in A; 


6 
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(iii) the line through A parallel to w cuts the circle 
again in V j 

(iv) the line through V parallel to u cuts the circle 
again in B; 

(v) the line throiigh B parallel to v cuts the circle 
again in PT. 

(Since all the actual geometry is simple^ we shall often 
carry the argument forward by means of Examphs for 
the reader.) 



S3 


That is, the operation denoted by vu consists of (i) acting 
on E by tt, giving 17; and then (li) acting on the point so 
obtained by v, giving A. 


Note that 


uvE = u(vJS) 


^uV 


= B, 

so that tJie prodticta uv^ vu are different 

These ‘products' may be extended. Tor example, 


Example 

Prove that, as a consequence of the preceding work: 

(i) WE I w; 

(ii) WA\\u, EV\\v, UB\\w. 

In other words, the nine lines in the diagram fall into 
three seta of three eachj in the direUions of 2 ?, w* 


uvwU = uv{wU) 

3 = uvB 

= u{vB) 

= A; 

and viouA = vw{uA) 


P 2. Notation 

Denote now by u, Vj w the three operations of obtaining 
from any given point on the circle the second intersection 
(with the circle) of the line through that point parallel to 
the lines u, t?, w respectively. Then the notation such as 
uB will be used to denote the result of operating on B 
by «; thus 

In the same way, o rr 

^'vV^E, wB= U. 

The symbolism of ‘ products' follows naturally. Since 
uE =U, vU = A, 
we write v{uE) ^ A, 

vuE = A. 


or 


^ vwW 

^ vE 
- 7. 

It is important to note that the * products^ obey the 
assQoicd/ive law (p, 14), 

Example 

Verify the equivalence of the operations 
{uw)v = u(wv)f 
{vu)w = 


6-3 
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([ $• Relations Between the Operations 

(i) We define first the identity operator e whieh has no 
eJQFect upon the point on wliich it operates; thus, for 

example, _ y 

(ii) Suppose next that P is any one of the points 

Ej A, B, U, V, W. Then, on operating by we have the 

relation „ 

uP = Q, 

say, where Q is that one of the six points for which 

PQ I u. It follows that 

" uQ^P, 

so that u{uP) = P, 

or u^p = eP 

for all P* Hence the operator u BcUisJiee the relcUian 

Similarly e. 

We therefore have three fundarrmiial ide7itities 
= e, = e, == e, 

(hi) We have seen that the ^product ’ operators uv^ vu 
are different* What is perhaps more surprising is that the 
six operators obtained as products vw^ mu, uv, uw, nu 
can be grouped into two classes of three: 

vwE = v(wE) vW = By 
wuE = w{uE) * wU — By 
uvE = u{vE) = uV = B. 

Thus vw = vm = uVy 

and, similarly, itm = uw == vu. 


It becomes natural to define new operators a, b by the 


relations 


mo = WU = UV ^ by 


lov ^ uw = vu = a. 

For example, 

fts = (2£nt) = u^vu = ay 

ba = {vw) (mw) = z? ^ = e, 


Im = {wu)u = w{u^) — w. 


([4. The ‘Products’ Table 
With the help of the three examples at the end of ([ 3, 
and similar results, a table of ‘ products ’ may now be 
constructed. A ‘product’ such as 

aft = e 

is denoted by placing e in the row through a and the 
column through ft. The table is: 



e 

ft 

a 

u 

V 

w 

e 

e 

ft 

a 

u 

V 

w 

b 

ft 

a 

e 

w 

u 

V 

a 

a 

e 

b 

V 

w 

u 

u 

u 

V 

w 

e 

ft 

a 

V 

V 

w 

u 

a 

6 

b 

w 

to 

u 

V 

b 

a 

e 


This table shows tliat the six points on the circle form 
a group under these six operations. 

([ 5, The Sets HyK of Chapter V Identified 
The table obtained in ([ 4 is identical (apart from an 
interchange of the names a, ft) with that given on p. 6L 
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Further, the analysis of structure on p* 64 divided the 
group into the two cosets 

H = {e,a,b}, a subgroup, 

and jfiT = 

This division receives pictorial emphasis here by the 
division into the two triangles EAB and UVW, each of 
which is, in fact, equilateral. The splitting of the set of 
six elements on p. 64 into two sets of three is the same 
as the division of the hexagon EUAVBW into the two 
triangles EAB, UVW, 

Example 

Prove that the analogous division into sets starting 
from the subgroups {e, u], {c, v}, {«, w] respectively gives 
precisely the three sets of parallel lines shown in the 
diagram (Fig. 4 ). 

II. A Group of Eight Elements 

A closely analogous treatment may be applied to obtain 
a group of eight points on a circle. The notation is chosen 
so as to tempt the reader to obtain further generalisations 
for Iiimself. (See the Examples at the end.) 

C 6 . We are now given a straight line Vr^ and the resulting 
straight angle is divided into equal quartei-s by the lines 

"^4* 

In the plane of the lines a circle is given and an 
arbitrary point E upon it. Points A^, £ 4 , Ag, £ 4 , 
A^, 1/4 are defined exactly as before by means of lines 
parallel to U 2 , in turn. The basic 
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results for further work are set as examples for the reader 
to solve: 

Examples 

Prove that (jj u,E\\u,; 

(ii) 

U^A^EU^lu^, 

U^A,\\EV^\u„ 

U^A,\\EU,W 



In other words, the sixteen lines in Fig\ 6 /aK irdo four 
sets of four each, in the directions of Ui, U 2 , Wj, ^^ 4 . 


f 7, The Operations and Their Products 
By strict analogy with the proceeding case, we define 
four operators u^, % having, as before, the basic 

relations 


u\ = u\ = u\ = e, 


where e is the identity operator. 
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Note, in particular, that, in virtue of the parallelisms 
just found (Example (li) above), the four points f/^, [ 4 , t/g, 
are obtained from E by the I'elations 

^ C4 := u^E, 

C4 = 

The derivation of from E is less immediate, 

and products of operators are involved. 

Consider, for example, the point A 2 ~ It can be reached 
from E by four relevant paths: 

EUi^A^y ^ 14 -^ 2 * ^U^A^^ 

Now, taking the path EU^A^y we have 

A ^ — ^^2 

so that ^2 = u^UjE, 

Proceeding in this way, and expressing A 2 in terms of E 

by the notation . „ 

A 2 ~ 

we obtain the formulae 

and, similarly, 


U^Ui = 1*4% = %% = %% = %, 


— ^2^*4 — £* 4 * 

We therefore have a set of eight operators: 


e, %, %, £*43 %, %, 
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Examples 

1 * Prove that the eight operators can all be expressed 
in terms of c, ag* form 

flg = a|, = u|; 

U 2 — % = £* 2 ^* 1 , % = 

2 , Establish the following ^multiplication table’: 



e 

a, 

% 

ai 




^^4 

e 

e 






% 

t44 

% 

% 



e 

«2 

Ma 

W 4 


% 

<h 


e 

a* 



«i 


a* 

a* 

e 

% 


«4 

% 


% 




% 


e 




wa 



W 4 



e 


% 

wa 


% 

«i 

^4 


aa 

6 




Ma 

«2 

% 

«4 


oa 



(The table establishes the eight operations as forming 
a group; it is known as the dihedral group,) 

If, following the pattern of chapter v, we split the 
group into the two cosets from the subgroup (e, %, a^, £* 4 }, 
we obtain the pair 

H = {e, ag, %, %} 
and K = 

Now the product of an II by an // is always an Hy of an H 
by a iC is always a and so on. This leads to the table 



H 

K 

H 

H 

K 

K 

K 

E 


and the two subdivisions correspond pictorially to the 
squares EA^A^A^ and UiU^U^V^ in Fig, 5. 

This group is, in fact, identical in structure vrith that 
of eight elements given on p. 71, but the notation tends 
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to cloud the issue. In order to make the correspondence 
clearer, we may re-write the present table in the form: 



e 


W 4 

<»3 

«1 



% 

e 

e 


% 




®4 

% 



e 


% 

% 


% 

“4 



% 

e 

312 

«4 




«3 

<h 

«4 

1*2 

6 








% 


e 

«4 


% 

aj 


^3 

% 


% 

«3 

e 

'**4 

a* 




% 


e 

Ct3 


^3 




^1 

0^ 


W 4 

e 


The reconcUiation with p, 71 is given by the relations 

€ = €f a = C = 

h = u = V ^ w = 
Corresponding to the cosets (p. 71) 

H ^ {e, a, by C}, K = {ky Uy Vy W}y 
we now have 

{e, Kj, O3}, {«!, Ojs, a^, %}, 

giving the vertices 

{EyU^yU,yA^}y {U,y A A U 

of the rectangles EU^A^ and U^A^ U^A^. 

We also obtained (p, 72) a subgroup H = {e, c], starting 
from which there were four eosets 


Ji = (e, c}, K = {uy v}y L = {A, w}y M = {n, ft}, 

which formed a proper multiplication table. The eosets 

here are u < < \ 

H = {eyO^}, K = {cEg^aJ, 

L = {«!, tta}, M s «J, 

giving the four diameters 

EA^y A^A^yU^U^yU^U^ 


of the circle. 
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Examples 

1. Starting from five lines u^y obtain 

similarly a figure of ten vertices Ey (7j, A^y 14 , A^y £ 4 , 
A^y U^y A^y OR R cuTcle. Prove that, for example, 

EU,\\AMA,U,\\A,U,\\A,U^. 

Taking the identity operator e as before, obtain a group 
by establishing the existence of the following relations: 

= 

%% = %% = %% = UiU^ ^ = a^y 

^ 4 ^ = = %% = = 03 , 

u^Ui — 

Give the group table, and examine cosets, 

2. Attempt to generalise these results to groups of 
2n elements, 

3. A^A^A^A^A^ is a regular plane pentagon. Rota¬ 
tion through an angle in its plane about its centre is 
an operation denoted by the symbol 6/, Verify that the 
five operations denoted (in obvious notation) by e, m, a>“, 
w®, ai* all leave the pentagon as a wliole unaltered, though 
vertices are interchanged. Prove that ^ e, and estab¬ 
lish that the five operations form a group, 

A further operation a is defined by ‘turning the 
pentagon over’ about the diameter through Prove 
that, once again, the pentagon as a whole is unaltered. 
Verify that the ten operations 

By w, 0 ^®, (o^y a, wa, 

form a group essentially the same as that obtained in 
Example 1, 
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4. Generalise this also to obtain groups of 2n elements, 

R3SMABK3. The interpretation implicsd in Example 3 is the one 
usually adopted for this sequence of groups* There does^ how¬ 
ever, seem to he ontcrtainment value in relating it also to the 
configurations obtained by argument from very elementary 
Euclidean geometry* The production of such instances from 
work that is essentially familiar is one of the main themes of 
this book. 
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CHAPTER VII 

AN ABSTRACT STRUCTURE 
FOR ANGLES 

The purpose of this chapter is to familiarise the reader 
with the idea that standard notation, and processes 
associated with that notation, can be extended far 
beyond its ordinary uses, provided that a clearly defined 
meaning is provided at each stage. The actual mathe- 
matical knowledge required is very elementary, 

(f 1* We are coneerned with lilies and the angles between 
them. For reference, lines will be named in italics, 

a,6,c, 

and so on. 


Pig^S 



([ 2* A symbol such as ^ 

will denote the angle turned through in the ccninter- 
clochwise seme by a line starting at position a and 
reaching for the first time the position 6. 

The diagram (Fig. 6) shows in illustration the three 
angles be, ca, ab. 
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Each angle defined in this way (‘reaching/or the first 
time the position 6’) is necessarily less than 180"^, or, in 
radian measure which we shall always adopt, 

ab <7t. 

The angle between two parallel lines, including as a 
special case ‘the angle between a line and itself' will be 
regarded as zero, since no turning is required. Thus 

u\\v m = 0; 

and, always, uu = 0. 

h 


^ “ 

Fig. 8 

The symbol _ 

is used naturally for the angle from a to bin the dockmse 
sense. It is then automatic that 

— a6 — ba. 

Thus the order in which the letters are wrilten is verp 
important. 



([ 3» The sum 


ab-hbc 


of two angles aft, be with a common ‘arm’ 6 is m fact 
equal to the angle 
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since it is the turning from a to 6 followed by the turning 
from 6 on to c. Thus we have the algebraic theorem 

+ = ac. 

For lines positioned aa in Fig. 9, this result is merely a 
statement in algebraic form of the fact that the exterior 
angle of a triangle is equal to the sum of the two interior 
opposite angles—but counterclockimse sense is now viiaL 



By making c coincide with a, as it may, we have the 
ab + ba = Q. 

Tills result, taken with the formula 
— ab = ba 

at the end of {[ 2, shows that angles may be manipulated 
for summation by following the rules of ordinary algebra. 

a4-h6a = Ooab = — ba. 

Simple extension of the preceding work yields the 

formulae , 

ab + oo + cd + ...+UV = aw, 

+ +w = 0, 

governing larger numbers of angles. 
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Note, in particular, that, if a, b, c are the sides of a 
triangle, then ab + bc + ca=0; 

that is, the sum of the angles is zero when all are taken 
in the counterclockwise sense of the symbols ai, be, ca. 


([4. Parallel Lines 

Suppose that u, v are two gi ven parallel lines and that 
a is a transYersal. Since the lines are parallel, we have 

uv = 0 
ua-hav = 0 
^ na = —av 
=> Tia = m. 

In Fig. 10, the two corre¬ 
sponding angles are thus 
equal—a well-known pro¬ 
perty. 

Suppose, conversely, that three lines n, Vj a are so 
related that ^ ^ 

Then 



Fig. 10 


ua = —av 
ua-hav ^ 0 

^ ifi; = 0 

^ u\\v. 

Hence a necessary arid sufficient condition for two lines 
u,v to be parallel is that, if a is any transversal cutting them^ 

va = va, 

the alternative form an = av 
being equally permissible. 
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This suggests a convention which can often be useful : 
if u, V are two parallel lines, we agree to write 

u = V, 

(Waverers may intei’pret this by saying that the 
direction of u is equal to the direction of v.) 

We then have the algebraic sequences: 

u = V 

^ua — va, au = av 

and au^ av or %ia=^ va 

^ u = V, 

It is almost as if the symbol a were to ‘cancel ’ as in 
elementary algebra. 

Note that, if u, v, w are three given lines such that u, v 
are parallel and u, w are parallel, then 

u^v 

and 

But it is then known, as a geometrical theorem, that v 
and w are parallel, so that 

V 

That is, w'e are entitled to use the algebraic sequence 
u^v, u = w 

^ V = w. 


{ 5, The Right-Angle Complication 
An unexpected difficulty occurs in the study of right 
angles. Suppose that a, b are two given lines such that 

a J-6, 


7 


MGM 
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Then the two angles, ab, ha, measured in the counter- 
clockwise sense, are equal, so that 

a6 = iwE. 

Thus, if two liv^ a, 6 are perpendicular, then 
ab = ba. 

h 



Fig. 11 

On the other hand, we have the general result 
ab = —6a, 

so that, for right angles, we have the two relations 
a6-{-6a = 0, 

ab - 6a = 0, 

but a6 4= 0. 

At first sight this seems strange, but the phenomenon 

is closely akin to the divisors of zero which 'we studied in 

chapter i. In fact, , , 

^ ' jab-i-ba = (}, 

]ab — ba = 0 
=> 2ab = 0 

but it is possible for 2ab to be zero when ab is not itself ^ro. 
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In order to give a numerical analogy, suppose that 
p, q are any two numbers of ordinary arithmetic, and use 
the symbol 

to denote the remainder after dividing the ordinary 
product pq by 30; thus 

7x9 = 3, 

8x7 = 26. 

Consider, in particular, the two numbers 3 and 5. In 
this arithmetic, we have 

{3x5) + (5x3) = 0, 

and (3 X 5) — (5 X 3) = 0 

but, nevertheless, 3x5 + 0. 

We may, indeed, add the two equations to give the 
relation 2(3 x 5) = 0, 

which is true; but the result 3x5 = 0 does not follouj. In 
fact, 15 is a divisor of zero in this arithmetic, since 

2x15 = 0, 

15 + 0. 

The analogy between this arithmetic and the "arith¬ 
metic of angles' is perhaps worth a brief comment. In 
the former, a number such as 283 is reduced by as many 
multiples of 30 as possible, to give 13; in the latter, an 
angle such as (obtained, say, by additions) is reduced 
by as many multiples of tt as possible, to give |7r. An 
equation like _ q 

7-3 
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in the former not only has the zero solution, but also the 
solution a; = ^, 30 = 15; an equation like 

2a; = 0 

in the latter not only has the zero solution, but also the 
solution X = 

([6. Cyclic Quadrilaterals 
Suppose that four points P, U, L, X lie on a circle 
(Fig. 12). Tliey can be joined by six lines 

UL, LX, XU, PX, PU, PL 
which we may call 

respectively* {The names are deliberately chosen to be 
unsystematic in the exposition; in applications a more 
symmetrical notation would naturally be adopted, as in 
the Illustrations which follow.) 



Now select the four points in any order, for example, 
X, P, X, U ; and write down the four sides which ‘follow 
that order of the letters ^ 

LP, PX, XU, UL, 
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returning at the end to the fii’st letter to complete the 
cycle. These lines, in order, are 

m, y, I, 

Finally write down the product, still in order, 
mylx, 

put a plus sign in the middle, and equate to zero: 
my -\-lx — 0. 

Written in the alternative form 
my = xl, 

this is the familiar theorem, angles in the same segment are 
equal, as a glance at the diagram verifies. 

Follow now the identical process for the alternative 
ordering of vertices P, X,L, U: 

PX, XL, LU, UP, 

ywcv, 

yu-\-xn ^ 0. 

Tliis is the theorem: the opposiie angles of a cyclie quadri¬ 
lateral are supplementary, as, once again, the diagram 
verifies. 

It can be verified further that all choices of order lead 
to one or other of t/tese two theoreins, which are therefore 
essentially equivalent. 


Examples 

Verify the result for each of the orders: 

(i) U, L, X, P. (ii) P, U, X, X. (iii) P, V, L, X. 
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Remembering that the converses of the two ‘angles* 
theorems are also true, we can reverse tlie final step 
when necessary and deduce that t/, say^ 

my -{-lx = 0 

or yu-{-xv^0i 

then the corresponding quadrilateral is cyclic. 

The power of this method may be illustrated by one or 
two riders: 

(i) Let ABC be a given triaTigle and Q, R points on 
the sides BC^ CA^ AB respectively. To prove (kai^ if the 
circles PBR^ PCQ meet in then AQURis also cyclic. 


A 



Name the sides as follows: 

BO = a,CA^ 6, AB - c; UP = p, UQ = q, UR = r. 

(Of course BP and PC are each the line a.) 

From the cyclic quadiilateral PUQC^ we choose the 
sequence p n o n 
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giving PU,UQ,QC,CP, 

pj Q, b, 
pqba, 

pq-{-ba = D, 

Similarly, from PURB^ we have 
pr + ca = 0, 

so that, reversing the sense, 

Hence, by addition, ^ + 

rp -{- pqba-{-ac = 0 , 
so that rq-{- bc = 0, 

and so the qiiaclrilatera! RUQA is cyclic, as required. 



(ii) Two circles cut in A ^ B. A line through A cuts the 
first in P and the second in U ; a line throiigk B cuts the 
first in Q a?id the second in V. To prove that PQ is parallel 
to UV. 

Expressed with more normal brevity, the argument is: 

With the notation of Fig. 14, 

BAPQ cyclic ^ ax^py ^ 0, 

BAUV cyclic => oar + uy ^ 0. 
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Hence py = uy, 

so that (p. 97) p — u, 

and so PQ| UV. 

(iii) The Extension of Simson’s Line 
(A harder example.) 

Let ABC he a given triangle and U a poirU on its ciraum- 
drde. Points P, Q, R are taken on BC, CA, AB respec¬ 
tively so tlmt, for angles meastt/red in the counterclockwise 


Fig. 15 


the angles between BG and UP; between CA aTid 
UQ; between AB and UR are equal. To prove that the 
points Py Qy R are coUinear. 
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We us© the notation 

BG ^ a, CA = by AB = c; 
UP=py UQ = qy UR^r; 

UA = a;, UB =y, UC = z; 

PQ = Uy PR = V. 

Then we are given that 

ap = bq = or. 

ap = bq 
=> ap + gfr = 0 
GPUQ cyclic 
=> QPUC cyclic 
^ up^zb = 0; 

ap = cr 
^ ap + TC ^ 0 

^ BPUE cyclic 
=> RPUB cyclic 
^ vp + yc = 0- 
UCAB cyclic 
si + cy = 0. 

HencCj from these equations, 

up ^ bz 
^cy 
= vp. 

U = Vy 


Now 


and 


But 
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Hence 
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SO that the lines u, v are parallel or coincident. But they 
have a point P in common, and so they are coincident. 
Hence P, Q, E are collinear. 

Example 

1. Points B, P, Qf i, M taken in that order round 
a circle ai'c such that 

AQ\\BF, A3^\\BL. 

Prove that PM | QL, 

(One method considers the cyclic quadrilaterals 
MPQA^ PBLM^ LQPMt together with 'equalities* from 
the parallel lines.) 

([ 7< Isosceles Triangles and Angle 
Bisectors 

Let UA^ UB be two given lines and TJX om of the 
bisectors of the angles between them. I^et UA^ UB^ TJX 
be the lines a, 6, x respectively. Then 

ax = xb^ 
ax-\-bx = 0 . 


or 
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Reversing the argument, we can prove that, if 
ax ^ —bx. 


then X is one o/the bisectors of the angle between a and 6. 

Thus ‘ V * 

a: IS a bisector => oar = — 6a:; 


ax=^—bx => a: is am of the bisectors. 


This algebra does not distinguish between the two 
bisectors. 

Suppose now that ABC is an woaceles iriangh in which 


AB = AO. 

Write 

BG = a, AB^b, AC = c. 

Draw the line x through A parallel 
to BC, so that (p. 97) 


X = a. 

Since the triangle is isosceles, x is 
a bisector (the external one in 
Fig. 17) of tlie angle between 6 
and c; hence 

xb + xc = 0. 



Fig. 17 


But X = Uj and so tfie 'base* angles satisfy the reluHon 

ai + ac =s 0. 

The converse, that , 

ab + ac — Q 


^ triangle ABC isosceles with AB = AC 

follows by similar aigument. 

For example: 

Given that AB^ PQ are two parallel ckords of a cirde, to 
prove that AP = BQ. 
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Draw AL parallel to BQ meeting PQ in L. Write 
AB = a, PQ = p, AP = X, BQ = y, AL = u. 
Then AB\PQ => a=p, 

cyclic =>■ ay+px = (i, 

AL\\BQ ^ u^y. 



Fig. IS 


Hence ay-\-px=^^ 

^ py^px = 0 
£> pu.-^px ^ 0 
^AP = AL 
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CHAPTER VIII 

A VERY ABSTRACT ALGEBRA 
FOR ANGLES 

While it is hoped that the account to be given in tliis 
chapter will be self-contained^ so that no previous know¬ 
ledge is essential^ it will probably be true that the con¬ 
tents will give most pleasure—and bewilderment—to a 
reader who has a little knowledge of determinants and 
vector products; only definitions and very first principles 
are used, and these are, in any case, given in the text. 

|[ 1. Determinants of Order Two 
The symbol 

a b 
c d 

is often used to denote the expression 

ad —be, 

known as a determiTianL As an illustration of how it can 
arise, note that, if the two equations 

ax-^-b = 0 

and cx + d = 0 

have a common value, then (assuming that a and c are 
not zero) that value is given equally by 

— bla and —dje, 
so that —bfa = “d/c, 

ad —be = 0. 


or 
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We require one miiior complication not used in normal 
determinant theory; we always name a product so that 
the first symbol in it is taken from the upper row* Thus 

u V 

X y 

= uy — vx, 

with u before y and v before x, 

f 2. Vectors and Vectoe Products 
All we require of a vector is that it shall be a set of 
numbers selected in a definite order* If, for instance, 
those numbers are a, i, c, then the vector is simply the 
triplet of numbers written in the notation 

(a, 6, c)* 

The vectors {a, b, c), (6, a, c) are quite different—though 
there is no reason why, in a special case, a and b should 
not be the same. 

In normal vector theory, a, fc, c are usually magnitudes, 
such as components of velocity* The manipulation of 
vectors is subject to closely defined rules. For us, how¬ 
ever, a, fe, c will not appear as magnitudes, and, fortu¬ 
nately, the normal rules of manipulation will not be 
requii*ed. 

What we do require, however, is a function that 
usually arises fairly late in vector theory. Suppose that 
(ft, 6, c) and {jj, g, r) are two given vectors. Their vector 
product is defined to be the vector 

{br — cq, cp — ar, aq — bp ). 
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The thi'ee elements are 

br — cq 

-{ar-cp) m 


b c 
q r 
a c 
p r 


aq — bp = 


ft b 
P ? 


where the three determinants arise from the an^ay 


a b c 
p q r 

by omitting successively the first, second and third 
columns. The negative sign at the second element is 
unfortunate but essential* 

As an illustration of how these three determinants 
come together hi normal practice, consider the t\^'o 
equations a.v + by + cz = 0, 


px + qy + rz = 0 . 

It is easy to verify that the ratios of the three variables 
X, y, z satisfy the relations 


X y z 

br-cq^cp — ar aq — bp‘ 


As in (1 I, we always put the elements of the first 
vector before those of the second in each product; tlius 
we write br and 7iot rb* 


([ B* Applications in Geometry 
The argument now becomes very abstract, though 
essentially simple* 
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Let B, (7, D be four given coplanar points and use 

the notation a Ajy 

BG = a, CA = &, AB ^ cj 

DA = p, DB ^ y, DC? ^ n 

Form the ‘vector product* 

(br — cq^ cp~ar, aq — bp), 

and consider the first element 

—eg, 

A 



Fig. 


For convenience, write it in the form 

br + qc. 

This is the sum of the angles at B and C7, namely 
Z^C7D + ^^DD 

when each is measured in the counterclockwise sense. 

This property immediately directs our attention to 
the case when the quadrilateral ABCD is cyclici for then 
the sum of the angles is tt. 


ABSTRACT ALGEBRA FOR ANGLES 


113 


Thus a mcessary and a sufficieTit coTidtiim for the 
quadrilcUeral ABCD to be cyclic is that the first component 

. br^cq 

IS zero. 

But now things move quickly. For the second 
component 

is the difference between the ‘same segment* angles 


LBAD, a BCD 

and it is a necessary and sufficient condition for the qtiadri- 

lateral ABCD to be cyclic that these ttoo angles are equal: 

that is> that n 

' cp — ar — i). 

In the same way it is a Tiecessary and a sufficient condi- 
timi for the quadrilaieral ABCD to be cyclic that 


aq — bp = 0. 

Collating these three facts, we have the surprising 
result that a Tiecessary and a sufficient condition for the 
quadrilateral ABCD to be cyclic is that any one of the 
components of the ^vector product* shall be zero ; andj con- 
sequently, when any one of the components is zero, so are 
all three. 

Note one point that we passed over without emphasis 
when establisliing the notation: the ‘vector* (a, 6, c) 
has as its components the three sides of the triangle 
formed by tliree of the sides of the quadrilateral, and 
then the ‘ vector’ (p, q, r) has as its components the three 
lines joining the respective vertices of that triangle to the 
fourth vertex of the quadi’ilateral. 


a 


MGM 
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([ 4. The Altitudes of a Triangle 
Let ABC be a given triangle and di-aw the altitudes 
AP^ BQ^ CR perpendicular to the opposite sides iJG, 
CA^ AB. It is known that the lines AP^ BQ^ CR meet 
in a point H called the ortkocentre of the triangle ABC* 
For notation, we write 

BC = a, CA =h, AB = c; 

AP ^ Uj BQ = V, CR w; 

QR = jp, RP = q, PQ ^ r. 



By the right-angle properties, we have 

an ='iia = bv = vb ^ cw ^ tuc* 

Consider first the quadrilateral AQHR* Take HQR as 
basic triangle and A as fourth vertex* The ^vectors* are 

(p, w, v), {u, b, c) 

and the 'vector product* is 

{wc — vbt vu —pc^ ph — wu)* 
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abstract algebra for angles 

By the right-angle relations, the first component ii}c — vb 
is zero and so all components are zero* We may therefore 
vTite, symbolically, 

{wc — vb^ vu—pc, pb — wu) = 0* 

Identical argument from the quadrilaterals BRHP^ 

CPHQ gives , . ^ 

® {ua-wc, wv-qa, qc — uv) = 0, 

{vb — ua^ uw — fb^ ra — vw) ^ 0, 

In particular, we have 

vm — qa = <^^ ra — vw — ^ 

so that vw^aq^ vw ra* 

Thus aq = ra, 

so that a is one of the bisectors of the angle between 
g and r; it follows that u, being perpendicular to a, is the 
other. Hence BC and AP are the bisectors of the arigh 

QPR- 

NOTE. Tliis method does not of itself decide which ia the 
internal and which the external bisector. The reader alioiild 
draw an alternative version of Fig* 20, taking the angle ABC 
to be obtuse, and then compare results. 

Examples 

L Repeat the preceding argument for the ease when 
the angle ABC is obtuse. 

2. Prove that in the given diagram, is the in-centre 
of the triangle determine what happens when 

the angle ABC ia obtuse. 


8*2 
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([5* The Stmson Line Again 
Let ABC be a given triangle and U a point on its 
circumcircle. Draw UP, UQ, UR to be perpendicular 
(this time; compare p. 104) to BG, CA, AB respectively. 
It is required to prove that the points P, Q, R are collinear. 



rig* 21 

Name the lines 

- V BC^a, GA^h, AB^c, 

UP = p, UQ^ q, UR = n 

UA UB = y, UG = z, 

_ PQ^u, PR^v, 

The right-angles give the relations 

ap — pa = bq = qb = cr = rc. 

Consider first the quadrilateral UABC. Take ABC as 
basic triangle and U as fourth point. The vectors then are 

(a, b, c), (x, y, z) 
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SO that, since the quadrilateral is given to be cyclic^ 

{bz^cy, cx — azy ay^bx) = 0, 

Take next the quadrilateral RFBU, taking RPB as 
basic triangle and U as fourth point. The vectors are 

(a, c, v), (r, py y). 


The vector product is 

{cy--vpy vr-'ay, ap — cr). 

Now ap — cr is zero by the right-angles, and so 
{cy — vp,vr-- ayy ap — cr) = 0, 

Similar argument from the quadiilateral QPCU gives 
(aybyU), (q.p.zh 


the vectors 


so that (6z — up, uq — az,ap~bq) - 0, 

In particular, these zero vector products give 
respectively 

bz — cy = 0, cy —^ 0, bz — up — 0, 


so tliat up =^bz = cy = vp. 


Hence (p, 97) u ^ v , 

so that the lines u, v are parallel or coincident. But they 
have the point P in common, so that they coincide; that 
is, Py Qy R are collinear. 

















118 


CHAPTER IX 

SOME METRICAL ANALOGIES 

([ L The present chapter is probably the hardest in the 
book* It seems likely that the reader, if he will, may be 
able to modify it towards a simpler treatment; the effort 
would certainly be entertaining, 

A new term may now be introdneed to give precision 
to an idea that has been running through several parts 
of the work. Two integers a and b are said to be eqml^ 
viodulo n, when they differ by an integral mvliipU 
of n. The notation used is 

a ^ fi(iiaodn), 

meaning that an integer p can be found such that 
a — 6 = pm. 

This was the essential featoi'^e of digital arithmetic: 
instead of, say, a sum expressed in the form 

, 7 + 9=16 

it was, in effect, noted that 

16-6 (mod 10), 

so that 7 + 9 = 6 (mod 10), 

The parenthesis was omitted, but was there 'in the 
spirit \ 

In a similar way, the 'modulus^ idea was behind the 
decision to reduce angles by multiples of so that, for 
instance, a statement such as 


ab ^ cd 


T 
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need not mean that the two angles ob, cd are equal (in 
the clockwise sense) but, more generally, that the 

difference 

is an exact multiple of w. It is sometimes convenient to 

ab^cd (mod n) 

to denote this relationship. 

Much of the work that follows is simple, but it suggests 
ideas that become complicated. The difficulty arises from 
two features which will now be mentioned in tui*n, 

(2, A Theorem and its Converse 
The reader will certainly know about the distinction 
that must be drawn between a statement and its con¬ 
verse; but experience indicates that the distinction, 
though known in theory, is often ignored in practice, 
with results that are sometimes disastrous. Thus the 
statement, ‘A multiple of 4 is a multiple of 2" is clearly 
true; but the converse^ ‘A multiple of 2 is a multiple of 4 ^ 
is not true. In notation introduced earlier 
n is a multiple of 4 => n is a multiple of 2; 
but the sense of the arrow cannot be reversed. 

Much of the discussion which follows in this chapter 
will move in one direction only, with consequences that 
sometimes seem cunous. 

([8. Diagrams to Illustrate ‘Modular 
Arithmetic* 

The diagram (Eig* 22) illustrates clearly the familiar 
arithmetical fact that 

6 + 8 = 14* 
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There seems, however, to be some difficiilty in obtaining 
a diagram for the corresponding result in digital arith- 

6 + 8 = 4. 


It can, of course, be done, but the complications appear 
to cancel the benefits. 


u*-6—-^ — 

- 8-VI 

■ 1 1 f i 1 

1 2 3 4 5 l6 7 8 

9 JO IJ J2 13 li 


Fig. 22 


A similar difficulty occurs in dealing with angles. If, 
say, ab and cd are two angles such that 

ab = fTT, cd = f TT, 

then ab-\-cd = (mod tt). 

It will be seen that we should like to be able to illustrate 
this relation by taking, somehow, f tt, Jtt, as segments 
of a straight line in such a way that the representation is 
significant. But this seems hard to achieve. 

With these words of warning (which the reader will be 
wise to forget for the present), we proceed to the main 
theme of this chapter. 

([4. The Basic Analogy 
The notation ^ 

has been used to represent the angle/rom a line atoB^ line 
b, measured in the counterclockwise sense. The analogous 
notation 

represents the distance from a point A to ^ point B 
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measured in an agreed sense along the line* Just as the 
symbol 

represents a reversal of sense, giving the angle from b to 
a, so the symbol ^ ^ 

represents a reversal, giving the distance from B to A. 
The two relations 

aft + 6a — 0, AB-\-BA — 0 

are expressions of these facts. 



In order to use these ideas, we shall suppose that some 
configuration of lines a, ft,c,... is given, and we shall 
study analogotis proi>crtie3, as we shall call them, of 
systems of points A,i^, C,..., where the rules governing 
the relative positions of will be defined by 

analogy with corresponding rules for a, ft, c,.... 
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([ 5. The Triangle 

Suppose that h, c are three given lines. The caunter- 
cluckwise angles be, ca, ah are, for all positions of the lines^ 
subject to the relation 

bc + ca^ah — 



For the analogy, we require three points whose distances 
apart, in an agreed sense, we wish to satisfy the relation 

BC^CA^AB = 

At this point it seems to become necessary to adopt a 
convention, that, to compare the magniludes of two semed 

A 


B C 



Fig- 25 


Fig. 2a 


straigid lines (whether for equality or for purposes of 
addition or subtraction) then those lines must be taken as 
coincident or paralleL Equality on non-parallel lines will 
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not be regarded as meaningful. Since, here, we wish to 
add BO to GA, we must take those lines as coincident 
(Fig* 26, and not Fig- 25). It is then evident that,/or all 
relative positions of A,B,Con that line, there is an identity 

BG-\-CA + AB^O 


when regard is had to sejise^ (Briefly, this relation is 
equivalent to the sequence of instructions: ‘Go from 
B to C, then from G to A, then from A to B\ The total 
effect is zero.) 

There is thus an automatic analogy between the 
relation bc + ca+ab = 0 


for angles in the counterclockwise sense and the relation 
BO + CA-hAB = Q 

for distances between collinear points having regard to 
sense along the line. From the relation 6c-hc® + aft — 0 
for angles in a given configuration we can deduce the 
relation BG + GA + AB — 0 for lines in the analogous 
configuration, together with any consequences that follow 
from that deduction. 

In dealing with three given lines a, 6 , c only, the natural 
analogue has been three coUinear points A, B, C. In more 
elaborate diagrams, line segments may, if desired, he 
compared on lines w^hich are parallel rather than coinci¬ 
dent—^as in f 7. 


([ 6. The Quadrilateral 

Suppose that a given quadrilateral has sides a, 6, c, d. 
The analogue is a configuration of four points A ,B,C^ 


















I 
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(Strictly speaking, a figure defined by four points is 
called a quadrarhgle and a figure defined by four lines 
a qmxdTilateral^ but the distinction is often blurred in 
work of this kind.) 





• £> 


Fig. 28 


If we want to deal with any arbitrary selection of the 
possible angles between the given lines, then we shall 
have to select ^4, i?, C, D to be collinear. But, as it 
happens, the eases that are most interesting for our 
purposes allow alternative selections, to which we now 
proceed. 


f 7. The Cyclic Quadrilateral 
Suppose next that the four lines a, 6, c, d are the sides 
of a cyclic quadiilateraL The relations of interest to us 
were obtained previously (p. 100) and can be taken in the 
form a6 H- cd = 0, 6c 4* da — 0 

or, equivalently, ab^dc, bc = ad. 

We sliould therefore like to place the points B, O, D in 
such a way that 

AB^DC, BC = AD, 

where we may allow the lines AB and DC to be parallel 


' 1 » 
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rather than coincident and the lines BC and ylZ> to be 
parallel rather than coincident if that proves more con¬ 
venient, The attempt to do this leads at once to a 
parallelogram ABCD^ so that iJie anahgm of a cyclic 
quadrilateral abed may be taken to be a parallelogram 
ABCD. 




IXI.USTRATION. Wo fotum t 50 A rcsulfc uac^d earlier (p. 102), 
The lines a, 6, c fortn a triangle AEG, (To avoid confusion with 
the analogous figure, the nanries of points are not marked in 
Fig. 31.) Points P, Q, R are taken on BO, CA^ AB respectively^ 



Pig. 31 


Fig. 32 
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ajui ^le circles FEE, PCQ meet in U* TAen the drcU AQE also 
passes through U. 

Denote UF^ UQ^ UR by the letters j>, q, r. 

The analogue of the cyclic quadrilateral aprc is a parallelo¬ 
gram AFEC; the analogue of the cyclic quadrilateral apgb is 
a parallelogram APQB. Then the analogue of the fad thcU 
bcrq is a cgdic quadrilaieral is that BCEQ is a parallelogram, 
a result that is easily verified otherwise, 

HARDEE ILLUSTRATION- An example which is easy to 
establish but whose significance is harder to grasp is given by 
another result proved earlier (p. 103), 

Ttoo cirdes meet in points A, B (not named in Fig, 33) and 
lines through A, B meet the first circle in F, Q and the second in 
U, F. Then FQ is parallel to VV. 

Name the chords through A, by the letters o, 6; name the 
common chord AB by the letter x; and name PQ, UV hy the 
letters p, u. 



Then 

oitAp cyclic ^ AXBP parallelogram, 

axbu cyclic ^ ^XBC7parallelogram. 

Hence the two points P, U coincide, the distance between them 
being zero by analogy with the fact that the angle between 
the lines p, u \e zero* 
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The awkward feature is that the two cyclic quadn- 
laterals axbp, axbu are so related that they are repre¬ 
sented by tlie aanie parallelogram- 
The point of the apparent dilemma is thatj if the lines 
a, b, X are given and are required to be the sides of a 
cyclic quadrilateral, then the direction of the fourth 
side is fixed—^I'epresented by the fourth vertex of the 
parallelograin—but its position is not. The lines p,u are 
two, among many, of such possible positions. 


ILLUSTRATION, Let a, b, c be three lines forming a given 
tiiangle and p, q, r the lines joining the feet of the altitudes 
(Fig, 33), Then (by the converse of the 'angles in the same 
segment' theorem) the thi-ee quadriiaterals 


ore eycUc, 


abpc, beqa, curb 



The analogue is a triangle ABC with lines through the 
vertices parallel to the opposite sides forming a triangle PQJ?, 
Then the quadiilaterals 

ABFC, BCQA, CARS 
are parallelograms. 

The two familiar figures of altitudes and middle points are 
therefore analogous. 
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Example 

Noting that the lines CB, QA, AB are equal, verify 
(by elementary geometry) the truth of a speculation that 
the angles cb, qa, ar 

are equal, 


([ 8, The Complete Cyclic Quadrilateral 
We have not yet given any attention to the analogue 
of the diagonals of a cyclic quadrilateral. Tor this we 


A 




turn to the notation described in chapter vni, {[ 3 and now 
adopted in the diagram (Fig, 37), (Note that a, p are the 
diagonals and q and c, r the pairs of opposite sides,) 
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The six lines of the cyclic quadrilateral give us six 
points Pj R. The angle theorems for the circle 

give us 

(i) two equalities based on the fact that th e sum of the 
opposite angles is n, namely 

he — rq and hr — 

(ii) four equalities based on the fact that angles in the 
same segment are equal, namely 

ea—pr^ ah ^ qp, cp = ar^ aq ^ hp. 

Selecting these in convenient order, we have for the 

analogues: ^ ^ 

SO that ike four points P, C, Q, R are the vertiem of a 

parallelogram; ^ gp ^ 

SO that the ftmr points C, P, P are the vertices of a 
parallelogram; ^ gp^ AQ ^ BP, 

SO that the fmir points i?, P, Q are the vertices of a 
parallelogram. 

The result of this, bearing in mind that the diagonals 
of a parallelogram bisect each other, is that, for the. 
analogous figure derived from a cyclic quadrilateral, there 
exists a point U with respect to which the triangles ABC, 
PQR are mirror images^ in the sense that 

AU = UP, BU = UQ, CU ^ UR. 


([ 9, Difficulties 

At the start of this chapter we gave warning of diffi¬ 
culties to come; they have now arrived. 


9 
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111 ([ 8 we obtained a point U such that 

AU UP, BU = UQ, CU = UE. 

This suggests that we might find a line u such that 
au = up, bu — nq, cu = ur, 

where, as usual, all lines parallel to u would do equally 
well for this purpose. 

The theorem is, indeed, very nearly true—but not. 
quite. 



The diagram (Fig, 39) repeats Fig, 37, where, however, 
the opposite sides 6, g and c, r liave been produced to 
meet. The relation 

au = up 

would require u as the direction of a bisector of the angle 
ap; tlie relation , _ 
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would require u as the direction of a bisector of the angle 
bq; the relation 

would require u as the direction of a bisector of the 
angle er. The dotted lines indicate the directions of the 
"obvious' bisectors; two of them seem parallel but the 
third does not. But the fact is tliat, indeed, two of the 
bisectors are parallel and the fMrd is perpB'ndicular to them. 

Example 

Prove the statement just made, using the standard 
theorems of elementaiy geometry* 

Once this result is established, we see at once that all 
that is necessary to produce a coiTect version of the 
theorem is to select the alternative bisector for the third 
angle* The dilemma is that the theory does not give us 
any method of making the selection from the "analogue’ 
diagram of parallelograms. 

Wo must therefore give some attention to the ]>roblein 
of right angles and, as it will appear, of "straight ’ angles 
also. 

{[10. Right Angles and Straight Angles 
The trouble about right angles lies embedded in the 
relation (see Fig. 40) ab ^ba 

which, in essence, defines right angles, considered along¬ 
side the identity + 6a = 0, 

wliich is a standard formula for all positions of 6* We 
have, by addition, 

2 a6 ^ 0 and 26a = 0, 
although neither ab nor ba is zero. 


9-3 
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But in the amilogcms diagram of points (Fig. 41), we can¬ 
not exhibit the relation , „ „ , 

AB = BA 

except by taking each as zero. Thus two perpendicular lines 



become two coincident points. This is the problem of 'one¬ 
way ’ argument to which we referred at the start: 

& => A = B; 

but, as we have often seen, it is also true that 
* a\\b => A = B. 

Thus when we go/ram the figure of lines to the figure 
of points there is no ambiguity ; we get, unexpectedly 
jjerhaps, coincident points. But in reasoning backwards 
we cannot make safe deductions without a check from 
the figure of lines itself — a given point may arise from 
any one of a set of parallel lines (that sliould not worry 
us greatly) or, equally, from any one of another set of 
parallel lines each member of which is perpendicular to 
each member of the first set. 
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To empliasise the point, consider the analogue of a 
rectangle abed. Since 

c|la, -- 

it follows that 

C = A. " 

Since 

b ^ a, d ^ a, ~ 

a 

it follows that Fig. 42 

B^A, D = A. 

Thus the four points A, B,G, D coincide* 

In other words, the analogies must be handled with 
care. When this is done, some of the results are very 
striking, as the next two paragrapl^ demonstrate, 

([ II. Two Standard Uesults Related 

We have already seen (p. 107) that if a, &, c are the sides 
of an isosceles triangle, with b, c along the equal sides, 
then there is a relation 

6a — ac = 0 


1-1-r 

B A C 

Fig, 43 Fig, 44 

which has for its analogue the equality 
BA = AG, 

so that A is the middle poirU of BC, 
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Suppose now that i, M are two points on a circle of 
centre 0 and that X is any point on the appropriate 
segment subtended by LM, Write 

OL = u, OM = v, XL = a XM OX ^ p, 

as indicated in the diagram (Fig, 45). Then it is well 

know'n that * , 

uv = 2ab. 



P 



In the analogous figure, the fact that the triangle aup 
is isosceles gives A as the middle point of PU; and, 
similarly, B is the middle point of PV. Now l/F is 
parallel to AB^ so that (by the convention agreed on 
p. 122) the lengths of C/ F and AB are in the same propor¬ 
tions as the corresponding angles uv and ofi. Hence we 
have established the effective equivcdejice of the bvo theorems: 

(i) the angle subtended at the centre of a circle by an 
arc is double the angle at the circumference subtended 
by the same arc; 

(ii) the line joining the middle points of the sides of a 
triangle is parallel to the base and equal to half the length 
of the base. 
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([12- Simson’s I.INE Again 
As a final example of the oddities that can occur with 
these analogies, consider once again the Snnson line 
property. 

From a point K on the circumcircle of a triangle ABG, 
perpendietdars KP, KQy KR are drawn to the sides BC, 
CAy AB. Then the points P, Q, R are collinear (Fig- 47). 


uv 



Name the lines as follows: 

BO ^ a, CA - 6, AB^ c; 

KP=py KQ^qy KR = t; 

KA ^ Xy KB — y, KC = z; 

PQ = Uy PR = V, 

Since a, x are diagonals and 6, y and c, z are pairs of 
opposite sides of a cyclic quadrilateral, the points A, 
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X, Y,Z in the analogous figure (Fig. 48) are ao related 
(p. 128) that AX, BY, CZ have a common middle 
point M. 

Since p ± a, gr 16 , r ± c, it follows that, in the analogous 


figure, 


PsA, QsB, BsO. 


(The argument may now be regarded as suspect, but 
seems to be correct.) 

Since AQ and BP have a common middle point, say F, 
they arise from lines a,q and b,p which are opposi te sides 
or diagonals in a cyclic quadrilateral; and inspection of 
the Simson line figure itself reveals that z, u is the third 
pair of lines of the quadrilateral, so that U is that point 
for which F is the middle point of UZ. In the same way, 
AR and CP have a common middle point G, leading to V 
as that point for whicli 0 is the middle point of V Y. But 
it is easy to show that U and V coincide in a point such 
that .4 is the middle point of UM; and this coincidence of 
U and V, being the analogue of the identity of the lines u 
and V, is an expression of the property of the Simson line. 
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ANSWERS 

Paoi: 18. Example 1 , (1) 1, 3; 

in ) h 4, 6, 9; 
(iii) 2, 3, 7, 8; 
(tv) 2, 4. 


Page 34. Examples: 

Page 39. Example 2: 
6 s= 6, c s= 8. 

Page 45. Example 1: 

Example 2: 

Page 47. Example 2 ; 
6-^ = 3. 


li : 2, o ; 3, ; 4, #■, 

Samo aa p, 37, with e = 2, a = 4, 


&, G, C. 

bt at Ut V, w, 

2-t=:4, 4-1 = 2, 6-1^6, 3-1 = 5, 
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in group, 43 
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vector product, 110 

soloction of notation, 113 
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FALLACIES IN MATHEMATICS 

E. A. maxwell 

As Dr Maxwell writes in his preface to this book, his 
aim has been to instruct through entertainment. *The 
general theory is that a wrong idea may often be 
exposed more convincingly by following it to its 
absurd conclusion than by merely announcing the 
error and starting again. Thus a number of by-ways 
appear which, it is hoped, may amuse the professional, 
and help to tempt back to the subject those who 
thought they were losing interest.’ The standard of 
knowledge expected is fairly elementary. 

In most cases a straightforward statement of the 
fallacious argument is followed by an exposure in 
which the error is traced to the most elementary 
source, and this process leads to an analysis which is 
often of unexpected depth. 

Many students will discover just how mathe¬ 
matically-minded they are when they read this book; 
nor fa that the only discovery they will make. Teachers 
of mathematics in schools and technical schools, 
colleges and universities will also be sure to find 
something here to please them. 

The author is a Fellow of Queens* College, Cam¬ 
bridge, and has a long experience of university 
teaching. He is the author of a number of text-books 
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